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Abstract 

We provide an explicit construction of the local Langlands correspon- 
dence for general tamely-ramified reductive p-adic groups and a class of 
wildly ramified Langlands parameters. Furthermore, we verify that our 
construction satisfies the expected properties of such a correspondence. 
More precisely, we show that each i-packet we construct admits a pa- 
rameterization in terms of the Langlands dual group, contains a unique 
. generic element for a fixed Whittaker datum, satisfies the formal degree 

■ conjecture, is compatible with twists by central and cocentral characters, 

provides a stable virtual character, and satisfies the expected endoscopic 
character identities. Moreover, we show that in the case of GL„, our con- 
struction coincides with the one given by Bushnell and Henniart IBHOSal , 
IBHO Sb l. Our results suggest a general approach to the construction of the 

OO ■ local Langlands correspondence for tamely-ramified groups and regular 

supercuspidal parameters. 

h': 

. The purpose of this paper is to construct the local Langlands correspondence 

for the epipelagic representations of tamely-ramified reductive p-adic groups. 
These are irreducible supercuspidal representations of positive depth — , where 
m is a certain integer. When the residual characteristic p does not divide m, 
they appear in the general constructions of supercuspidal representations of 
Adler lAd98J and Yu IIYuOlll . More recently, their construction was reinter- 
preted by Reeder and Yu IRYI in terms of Vinberg's theory of graded Lie al- 
^ ■ gebras and this allowed for the restriction p \ m to be removed. In the latter 

. paper, these representations were called epipelagic. In terms of the Adler- Yu 

■ construction, an epipelagic representation of a tamely-ramified connected re- 
ductive group G arises from a pair {S,x)r where C G is a maximal torus, 
and X ■ — > is a character, and the pair is subject to certain conditions. 
These conditions imply in particular that the torus S is tamely-ramified, but 

■ not unramified. In fact, the ramification degree of the splitting field of S is 
equal to m, and we are assuming that p | 2m. 



On 
O 



Our construction of the local Langlands correspondence is a generalization of 
■ the approach originally used by Langlands [iLanSSj to construct the discrete 

?— ( I series L-packets for real groups, and later employed by DeBacker and Reeder 

IDR09I to construct supercuspidal L-packets for certain tamely-ramified pa- 
rameters and unramified groups. However, there are two interesting new phe- 
nomena occurring in the present situation which were visible neither in the 
setting of real groups, nor in the setting of tamely-ramified supercuspidal pa- 
rameters. 

To describe the first phenomenon, we recall that the first step in Langlands' ap- 
proach is the construction of an elliptic maximal torus S c G and a character 
X ■ S{F) — > from the given Langlands parameter Lp. In fact, obtaining the 
maximal torus is quite simple. It is the character x that causes the trouble. Both 
in Langlands' original paper, as well as in the work of DeBacker and Reeder, 
X was obtained by an ad-hoc construction, which is independent of the par- 
ticular Langlands-parameter at hand, in that it is the same construction for all 
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parameters of the same kind. In BKalllal , the author gave a reinterpretation 
of the construction of DeBacker and Reeder using the work of Langlands and 
Shelstad [LS87 §§5,6] on L-embeddings of maximal tori into the L-group of 
G. The upshot is that the Langlands parameter Lp can be factored as the com- 
position of a Langlands parameter Lps ■ Wp for the torus S and an 
L-embedding ^ j : — > ^G. Moreover, it was shown in loc. cit. that in 
the setting of tamely-ramified supercuspidal parameters, there is an essentially 
unique choice for ^ j, and that x is the character corresponding to the parameter 
ips- The same uniqueness is also true in the case of real discrete series L-packets 
and is implicit in the work MShelOl of Shelstad. The new phenomenon occur- 
ring in the setting of epipelagic L-packets is that the L-embedding ceases 
to be unique. In fact, when the maximal torus S is tamely-ramified, there are 
always 2" choices of tamely-ramified L-embeddings ^j, for a certain number 
n depending on S, and each two choices differ by a sign. The question is then 
to choose the correct signs. What is interesting is that there does not appear to 
be a universal choice - the signs depend on the arithmetic data encoded in the 
particular Langlands parameter That this is the case for GL„ is visible in the 
work of Bushnell and Henniart [B HOSb J . Inspired by that work, we give a sim- 
ple and explicit construction of the L-embedding ^ j : ^S* — > ^G, which relies 
on the use of Langlands' A-constants ILanArtl Thm. 2.1]. The role of choosing 
the correct L-embedding in our construction is somewhat parallel to the role 
of the rectifying character in the work of Bushnell and Henniart. This parallel 
is however not entirely direct, because unlike in the case of GL„, there is no 
"naive" construction in our case. Rather, the construction can be performed 
only after a choice of an L-embedding has been made. 

We now come to the second new phenomenon occurring in our construction. 
It concerns the grouping of representations into L-packets. Each constituent of 
our L-packets is constructed, just like in the case of discrete series of real groups 
and of depth-zero supercuspidal representations of p-adic groups, from a pair 
(S", x') of a maximal torus S' C G and a character x' : ^"(L) — > . In the case 
of discrete series representations of real groups, as well as in the case of depth- 
zero supercuspidal representations of unramified p-adic groups, an L-packet is 
formed by considering all G'(L)-conjugacy classes of pairs (5', x') ^ the stable 
conjugacy class of the pair {S, x) that was obtained from the Langlands pa- 
rameter (f. While we can clearly perform the same construction in our setting, 
the result will in general not be an L-packet, as one quickly sees by study- 
ing the character relations from the theory of endoscopy. The failure of these 
relations leads to the definition and study of a new sign invariant associated 
to a maximal torus 5" C G. This sign invariant takes the form of a function, 
which assigns to each element in the set of roots of 5" the number +1 or — 1. 
Moreover, this sign invariant appears to be interesting in its own right. For 
example, it provides a refinement of the Kottwitz sign e(G) associated to the 
reductive group G IIKot83ll . The invariant can be used to construct a character 
es' ■ S'{F) — > C^. In order to obtain the correct L-packet, one has to take the 
representations corresponding to the pairs (S", x' ' ^s')> for all G'(L")-conjugacy 
classes of pairs (S', x') in the stable class of {S, x)- It may be worth pointing out 
that, contrary to the case of the L-embedding ^j:^S^^G, the characters es' 
do not depend on the Langlands-parameter ip or the character x constructed 
from it. Rather, they only depend on the particular torus S'. We believe that 
these characters will play a role in the local Langlands correspondence for other 
classes of parameters, especially when considering supercuspidal representa- 
tions which arise from tamely-ramified, but not unramified, tori. 
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Both of these phenomena came initially as a surprise to us. In Kail 21 , we 
studied the L-packets of epipelagic representations of depth for split, abso- 
lutely simple, simply-connected groups G with Coxeter number h. In that situ- 
ation, neither of the two phenomena appears. We believe that it is the simply- 
connectedness that is chiefly responsible for this. For example, in the study of 
the group GL„ both phenomena need to be addressed. 

We will now describe in more detail the individual results of this paper. After 
fixing notation in Section [l] and reviewing some known results in |2] that will 
be used throughout the paper, we set off by defining and studying in Section|3] 
the sign invariant associated to a pair (G, S) of a connected reductive group G 
defined over a local field and a maximal torus S of G. The invariant depends 
only on the G(-F)-conjugacy class of S, but in general it changes when we pass 
to a different rational class within the stable class of S, and in particular when 
we transfer S to an inner form of G. The initial definition we give of the invari- 
ant is straightforward and elementary, yet in order to study it we find it more 
convenient to provide a cohomological interpretation. With this interpretation 
at hand, we then give a formula for how the invariant varies within a given 
stable class, and from this we conclude that one can recover the Kottwitz sign 
e(G) from the invariant of any elliptic maximal torus of G (Froposition l3.2.2t . 
The main technical burden of this section is the proof of the vanishing result 
13.3.11 which is crucial for the proofs of stability and endoscopic transfer in the 
later sections. 

Having established the necessary results on the toral invariant, we move in 
Section|4]to the first main goal of this paper - the construction of the local Lang- 
lands correspondence for epipelagic representations. In [RYI §7.1] Reeder and 
Yu single out a class of Langlands parameters which they believe should corre- 
spond to the class of epipelagic representations of G under the local Langlands 
correspondence, whenever G is an absolutely simple and simply-connected 
tamely-ramified p-adic group. Their main motivation for this prediction is the 
formal degree conjecture of Hiraga-Ichino-Ikeda I1HIIO8J and its reformulation 
given in IGRIOI . In the paper at hand, we consider any tamely-ramified reduc- 
tive p-adic group G and a class of Langlands parameters for it which gener- 
alizes that for the absolutely-simple simply connected case. The precise con- 
ditions we impose on the parameters are Conditions 14.1.11 in Section 14.11 To 
a Langlands parameter satisfying these conditions, we explicitly construct in 
Section |4A] a finite set (i-packet) of epipelagic representations of G. Here is a 
brief summary of the construction: Let F be a finite extension of the field Qp of 
p-adic numbers, and let W be its Weil group and F its Galois group. Let G be 
a connected reductive algebraic group defined over F and split over a tamely- 
ramified extension of F. Let G be the complex Langlands dual group of G, and 
let ^G = G X Whe the Weil-form of the L-group of G. A Langlands parameter 
(fi : W ^ '"G satisfying Conditions 14 . 1 . 1 1 normalizes a unique maximal torus T 
of G, and hence provides an action of on T which one easily shows extends 
to an action of F. The complex torus T with the new F-action is the complex 
dual of a torus 5* defined over F. In Section I4l2l we construct an L-embedding 
: ^S" — ^G of the L-group of S into the i-group of G. The construction 
of is based on Langlands' A-constants IILanArti Thm. 2.1]. These constants 
are Gauss-sums formed from additive characters on certain finite fields, and 
the necessary additive characters are extracted from the parameter ip. The 
L-embedding provides a factorization ip = o ipg, with ips : W ^ 
a Langlands parameter for S. Let xs '■ ^> be the character corre- 

sponding to (fis under the local Langlands correspondence for tori. The torus 
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S comes equipped with a stable conjugacy class of embeddings [j] : S* — > G. 
The L-packet on G corresponding to (p is then the set of all epipelagic repre- 
sentations arising from the pairs j*{S,xs • e^)/ where j rims over the set of 
G(F)-conjugacy classes in the stable conjugacy class [j], and ej : S{F) ^ is 
the character constructed in Section [331 from the toral invariant of jS. All the 
details of this construction are given in Section |4IT1 except for the construction 
of the L-embedding ^j, which is given in Section ill The reason for this sep- 
aration is that the arguments in l4.1l are fairly general and we believe they will 
apply with little or no modification to much more general classes of Langlands 
parameters. On the other hand, Section l4!2l is quite specific to the parameters at 
hand, and while we believe that a similar approach will work for other classes 
of parameters, the specific formulas will most likely be different. 

It would be interesting to compare the material in our Section l4ll1 with that 
in IRY[ §7.2,§7.3], where the authors consider the special case of an absolutely 
simple, simply-connected group G and under the same assumptions on the 
residual characteristic of F construct a Langlands parameter starting from an 
epipelagic representation. Their construction is quite different from ours, as 
it relies on the invariant theory of graded Lie algebras and moreover goes in 
the opposite direction. It would be interesting to see how our construction 
in Section 14.11 when specialized to absolutely simple and simply-cormected 
groups, relates to the one in BRYI . 

After the L-packets have been constructed, the next step, taken up in Sec- 
tion |431 is to parameterize their constituents in terms of the centralizer S^p = 
Ccnt((y5, G). We do this using the language of representations of extended pure 
inner forms based on Kottwitz's theory of isocrystals with additional structure 
IKot85l , IIKot97l . Thus, rather than considering an individual group G and a 
Langlands parameter for it, we consider all extended pure inner forms G'' of a 
given fixed quasi-split group G and all representations of G''(i^). The necessary 
notions from IKalllal are recalled in Section l2!4l Crucial for the parameteriza- 
tion is the fact that our L-packets satisfy Shahidi's tempered packet conjecture 
lSha90l - when the quasi-split group G is endowed with a Whittaker datum, 
the L-packet on G contains a unique generic constituent (Proposition 14.1.51 . 
The parameterization itself takes the form of a commutative diagram 

Irr(5^) ^ (0.0.1) 



X*(Z(G)0^-B(G)bas 

The set 11;^ consists of equivalence classes of quadruples (G**, ^, 6, tt), where 
&) : G — > G** is an extended pure inner twist of the fixed quasi-split group 
G, and tt is an epipelagic representation of G^{F). The set Irr(5^) consists of 
the equivalence classes of irreducible algebraic representations of the complex 
algebraic group . The left vertical arrow is given by taking central characters, 
while the right vertical arrow is given by sending {G^, ^, b) to b. The bottom 
horizontal arrow is Kottwitz's isomorphism IIKot85[ Prop. 5.6]. The top vertical 
arrow is the bijection we construct. 

The remainder of Section|4]is devoted to the proof of two conjectural properties 
for our L-packets - the formal degree conjecture of Hiraga, Ichino, and Ikeda 
IHII08L and the compatibility with central and cocentral characters |Bo77[ §10]. 
In the course of proving the latter in Section l4!5l we provide a new construction 
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of the character of G{F) associated to a parameter W — > Z{G), and of the char- 
acter of Zg{F) associated to a parameter W ^G. The original constructions 
of these objects liBo77| , §10]required auxiliary choices. We use the cohomology 
of crossed modules and the cohomological pairings for complexes of tori of 
length two from the work of Kottwitz and Shelstad IIKS99I App. A] to provide 
canonical constructions of these objects which do not rely on auxiliary choices. 

The second main goal of this paper is to prove that our L-packets satisfy the 
conjectural character relations of the theory of endoscopy. The first main result 
in this direction is Theorem l5.2.1l For any inner twist ^ : G — G" of the quasi- 
split group G, put 

where the sum runs over the constituents of the L-packet on G' for the param- 
eter ip. Then Theorem 15.2.11 asserts that and if 7 G G{F) and 7' e G'{F) are 
related strongly-regular semi-simple elements, then 

SQ^.^.G'h') = SQ^.id.cil)- 

This statement contains as a special case the assertion that the function SQ^^^^g' 
is stable. The second main result is the endoscopic transfer. Let {H, s, ^77) be an 
extended endoscopic triple for G. In particular ^i] is an L-embedding '"H ^ 
^G. While this is not the most general case of endoscopy, one can easily reduce 
to it by passing to an extension of G whose derived group is simply connected, 
so it will in fact suffice to treat this case. Fixing a Whittaker datum for G, 
there exists for each extended pure inner twist b) : G G^ a canonical 
normalization A of the Langlands-Shelstad absolute transfer factor BKalllai 
§2]. Let (p : W — > be an epipelagic Langlands parameter which factors 
through as p — ^rj o (pu. We then have the L-packet Tl^pfj, id. h on H{F) and 
define the endoscopic lift to G'^ of the stable character SQ^j^^\dM by the formula 

7«G//(F)„/st ' 

On the other hand, we define the s-stable character of the packet 11^ f, on G^ {F) 
by 

peIrr(S,,) 

Here the map p TTp is the top horizontal map in the commutative square 
I IO.O.ll l, and the map p ^ h \s the composition of the left vertical and lower 
horizontal maps. Then Theorem l5.4.1l asserts that 

Liftg'5e^„,id.ff(7') = 
provided we assume that the residual characteristic of F is not too small. 

The proof of these two theorems is based on the recent work of Adler-Spice 
lASlOl on the characters of supercuspidal representations, the works of Wald- 
spurger ||Wal97| , ||Wal06l , and Ngo |NgolO| on endoscopy for p-adic Lie-alge- 
bras, as well as a recent result of Kottwitz on the comparison of Weil constants 
and epsilon factors. The restriction on the residual characteristic comes from 
the fact that the proof uses a suitable extension of the locally defined logarithm 
map. It may be possible to remove, or at least significantly weaken, this re- 
striction via the use of the maps used by Adler-Spice, since their character 
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formulas, as well as all other ingredients in the proof, are in fact valid without 
the restrictions we impose. We have not tried to pursue this. 



The last main result of this paper is the comparison of our construction with 
the construction of Bushnell and Henniart for GL„(F) in Section[6l This com- 
parison shows (Theorem l6.3.1l l that our construction provides the same result 
as theirs for the group GL„(F), and, since we have already proved the transfer 
to inner forms, also for the group GL„(Z?) for any division algebra D. The main 
part of the comparison is to show that the L-embedding we construct in Section 
I4.2l differs from the "traditional" L-embedding that may be used in the special 
case of GL„ precisely by the rectifying character of BBHOSbi Thm 2.1]. While 
the use of Langlands' A-constants in Section l4!2l was inspired by the work of 
Bushnell and Henniart, this comparison result is still not entirely obvious, the 
reason being that our constructions apply to a general group and thus cannot 
reference the "traditional" L-embedding available for GL„, and moreover our 
constructions have a very different structure from that of the rectifying charac- 
ter for GL„. 

Acknowledgements: This work has profited greatly from enlightening and 
inspiring mathematical conversations with Benedict Gross, Guy Henniart, At- 
sushi Ichino, Robert Kottwitz, Mark Reeder, and Loren Spice. It is a pleasure 
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1 Notation 



Throughout the paper, F will denote a p-adic field, i.e. a finite extension of 
the field Qp of p-adic numbers. We will write Op for the ring of integers, 
for the maximal ideal, kp for the residue field - a finite field of cardinality q 
and characteristic p. We fix an algebraic closure F of F and denote by F" the 
maximal unramified extension of F contained in F of F. Let Tp, Wp, Ip, Pp 
denote the Galois, Weil, inertia, and wild inertia groups of F /F. When the field 
is clear from the context, we may drop the subscript F. On the other hand, if 
F/F is a finite extension, we will denote byr(F/F)orr£;/^ the relative Galois 
group, and will use the analogous notation for the other groups associated to 
the extension F/F. 

The letters G, H, J will often denote algebraic groups, while the Fraktur letters 
g, f), j will denote their Lie-algebras, and g*, t)*, j* their duals. Given an alge- 
braic group G, we will write for its center, and Aq for the maximal split 
torus inside of Zq. For an element 7 e G, we will write Cent(7, G) or C for 
the centralizer of 7 in G, and G-y for its connected component. Given a ring R 
over which the algebraic group G is defined, we will write G{R) for the set of 
i?-points of G. It will sometimes be convenient to reuse the symbol G also for 
the set of points of G over an algebraically closed field that is understood from 
the context (e.g. it may be F if G is defined over F). 
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If G is a connected reductive group defined over F, we will denote by B'^'^'^{G, F) 
the reduced Bruhat-Tits building of G{F). Given x G B'°^(G, F) we will write 
G{F)x for the stabilizer of x for the action of G{F) on S™'^(G, F), and given a 
non-negative real number r we will write G{F)x,r and G(i^)a;.r+ for the corre- 
sponding Moy-Prasad filtration subgroups [MP96| of G{F)x- In particular, the 
parahoric subgroup at x is G{F)xfi, and its pro-unipotent radical is G{F)x,o+. 
We will also use the notation G{F)x^r:s to denote the quotient G{F)x.rlG{F)x^s, 
as was done in IIYuOll . Similar notation will be used for the Moy-Prasad lattices 
inside the Lie-algebra q{F). 

We will make frequent use of local class field theory and of Langlands' cor- 
respondence for tori over local fields. We normalize these correspondences 
following Langlands' article [Lan97] . In particular, unit ormizers of non-archi- 
medean local fields will correspond to the Frobenius automorphisms of their 
maximal unramified extension. 

2 Preliminaries 

The purpose of this section is to recall some material from [RY| . BGLRYI , and 
lYuOll , which is relevant to our situation. Let G be a connected reductive group 
defined over F. We assume that G splits over a tamely ramified extension of 
F. Let Q be the Lie-algebra of G. 

2.1 Parahoric subgroups, Moy-Prasad filtrations, and invariant theory 

Let y e B^^'^iG, F) be a rational point of order e (| RY[ §3.3]). Assume that p \ e 
and let E/ F'^ be the smallest extension of order e. Then the group G splits over 
E and y is a hyperspecial point in ^^""^(G, E) IRY[ §4.2]. Choose a uniformizer 
u) £ E. This choice provides a character 

where fie{F^) denotes the subgroup of roots of unity in i^" of order e. 

Let Gy = G(£').y, 0:0+ and g,,^ = g(_E).y,o:0+- Then is a connected reductive 
group defined over kp and g^^ is its Lie algebra. For each r G ^Z, multiplication 
by w"'^'" provides a Gy-equivariant isomorphism 

The pointy is preserved by r^/^u, and we have [g(£')y^r:r+]'"^''^" = Q{F^)y,r:r+- 
Moreover, the action of T^/pu on Q{E)y^o descends to an algebraic action on g^^. 

The above isomorphism restricts to an isomorphism of kp -vector spaces 

0(^^")y,r:r+ ^gf , 

where g^ denotes the ^-isotypic eigenspace for the action of Tp/p^- Further- 
more, we have 

([G,]r-/-)°=G(F"),,0:o+. 

The fact that y is stable under Frobenius provides a fcj? -structure on both the 
reductive group Gy and its Lie-algebra g^ and we have 

([G,]r-/-)° {kp) = G{F)y^O:0+, 9{F)y^r:r+ ^ Qi'\kp). 
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Note that the same discussion applies equally well to the dual g* of the Lie- 
algebra g. 

We now recall a few notions. Let H he a reductive group over some alge- 
braically closed field and let V" be a rational representation of H. Let K be the 
kernel of this representation. We call a vector v ^ V stable if 

[Stab(i;, H) : K] < oo. 

We call a vector in Lic(_ff) or Lic*(iJ) regular semi-simple, if its connected cen- 
tralizer for the (co)-adjoint action of iJ is a maximal torus, and strongly-regular 
semi-simple, if its centralizer is a maximal torus. These two notions coincide in 
many cases, but not always, as for example over fields of small positive char- 
acteristic. 

Proposition 2.1.1. An element X of g^' or g*'^ is a stable vector for the action of 
([Gy]^^/^")° if and only if its inclusion into Qy or g* is regular semi-simple and the 
action ofVE/F^ on S ^ Stab(v, Gy) is elliptic, i.e. X*(S)^s/J'" = X^{Z{Gy)). 

Proof. The proof is the same as for IIGLRYI Lemma 5.6]. □ 
2.2 Generic characters 

hi this section we will recall the notion of generic characters. It was defined in 
[ YuOll §9], generalizing an earlier definition of Kutzko for GL„. We will fur- 
thermore provide a characterization of generic character which will be useful 
later. 

Let 5 c G be an elliptic tamely-ramified maximal torus, let s be its Lie-algebra, 
and let ?■ > 0. A character x : S{F) — > is called generic of depth r if it 
satisfies two conditions. First, it must restrict trivially to S{F)r+. If that is the 
case, then using the Moy-Prasad isomorphism 

MPs : SiF)r:r+ ^ siF)r:r+ 

it gives rise to a character on s{F)r/s{F)r+. This is a finite-dimensional kp- 
vector space and its dual is given by s* {F)_,.:{-r)+- Thus, given a non-trivial 
character tp : kp ^ C^, there is a unique element X G s*(i^)_r.(_r)+ such that 

X{Y)=^,{X,Y) yr e s{F)r:r+. 

The A: i? -line spanned by X is independent of the choice of tp. 

Let E/F^^ be the splitting extension of 5* x F". There is a non-zero element 
z € E such that zX G s*(i?)o:o+- The fci?-line spanned by zX depends nei- 
ther on the choice of z nor on the choice of ip, and is thus canonically associated 
to X- We can embed s* into g* as the 1-isotypic subspace of g* for the coadjoint 
action of S. More precisely, the natural surjection g* s* which is dual to the 
embedding s — > g becomes an isomorphism when restricted to the 1-isotypic 
eigenspace for the coadjoint action of 5* on g*. In this way, becomes a line in- 
side g*{E)j;_Q;Q+, where x is the point of Z5"^^(G, F) corresponding to S IPrOll . 
This quotient is isomorphic to the /c^-points of the dual Lie algebra of the re- 
ductive fc£;-group G(i?)a;_o:o+- The second condition that x must satisfy in order 
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to be called generic is that the line ly, be strongly-regular semi-simple, i.e. that 
its centralizer in G{E)xfi:o+ for the coadjoint action be a maximal torus. 

We can now give the following characterization of generic characters. 

Lemma 2.2.1. Let x ■ S{F) be a character trivial on S{F)r+ and non-trivial 

on S{F)r- Let E/F be the splitting extension of S and N : S{E) -> S{F) the norm 
map. Then x is generic if and only if the following conditions hold: 

1. For each root a e R{S, G), the character 

E^/E^^^C^, x^xiNia-'ix))) 

is non-trivial. 

2. The stabilizer ofx°N : SiE)r in n{S, G) is trivial. 

Proof. We fix a non-trivial character ip : kp ^ and let X e s*(i^)_r:(-r)+ be 
the unique element such that xiu) = "i'iX, MP s{y)) for all y £ S{F)r:r+- If e is 
the ramification degree of E/F, then one computes for y e S{E)r:r+ 

x(iV(y)) = ^(e-trfc,/fc^(X,MPs(2/))). 

Since p] e, the character ^'ifc^— !>C^,a;M' -0(e • tr ks/kp {x)) is non-trivial. 

Let bj £ E he a uniformizer and a 6 G). For x G p^^/p''^ one has 

xiN{a''{l + x))) = ^{X,da''ix)) ^ ^ {uj"- X , da"" (uj-'' x)) . 

The line in s*(i?)o:o+ spanned by uj'^X is the line canonically associated to %/ 
and it is regular if and only if {uj^X, da^ (1)) is a non-zero element of fc^; for all 
a £ R{S, G). This is equivalent to the non-triviality of the linear form 

kp fcfi, u I— > {uj"^ X , da^ {u)) 

and this in turn is equivalent to the non-vanishing of the character of p^/p^^ 
provided by the right-hand side of above equation (in the variable x). Thus the 
first condition in the statement of the lemma is equivalent to the regularity of 
the line l^. 

Given that, the second condition is then equivalent to the strong regularity of 
l^, because for a given w £ n{S, G), the equality Y) = ""F) for all Y 
is equivalent to the equality X = ^ X. 

□ 



2.3 Construction of a map {S, x) ^ t^s,x 

Let S C G be a tamely ramified maximal torus defined over F and let x '■ 
S{F) ^ be a character. We assume that this data has the following proper- 
ties. 

Conditions 2.3.1. 

1. The image of Ip in Aut;p(5) is generated by an elliptic regular element. 
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2. If e is the ramification degree of the splitting extension of S, then x restricts 
trivially to S{F)2 and non-trivially to S{F)i. 

3. The character of S{F)i/S{F) 2 induced by x generic. 

Given this data, an epipelagic supercuspidal representation of G{F) of depth 
i can be constructed as follows. The torus 5* acts on the Lie algebra g of G and 
decomposes it as 

g = s © n 

where s is the Lie algebra of S and and n is the sum of all isotypic subspaced 
on which S acts non-trivially. This direct decomposition is defined over F. Let 
y E B'^°'^{G, F) be the unique point corresponding to the embedding j IPrOll . 
Then we have for all real numbers r we have 

Q{F)y^r ^ s{F)y^r ®niF)y^r- 

The character x provides a character on 

S{F)i.2 ^s{F)i.2 
which can be extended to a character xo on 

using the above decomposition. Since this character is invariant under the con- 
jugation of S{F) on G{F)y i and its restriction to 5(^)1 agrees with x, we 
obtain a character 

X : 5(F)G(F),_i ^ C^ is,g) ^ x(s)xo(ff). 

We put r ^ ^ and V = Q{F'"-)y^r:r+- Then V is a vector space over kp with a 
fcij-structure and V(fcF) = g{F)y,r:r+- Moreover, we have V* = g*(F")y,_r:o- 

Proposition 2.3.2. Let ^ : kp <C^ he a non-trivial character, and let A : V{kp) 
kp be the unique linear form such that Xo = i° \- Then 

1. A is a stable vector for the action ofG{F")y^r:r+ on V*. 

2. The stabilizer of X for the action ofG{F)y on V* is precisely S{F)G{F)y^r- 

Proof. The first statement follows immediately from Proposition 12.1.1] and the 
genericity of x- We set out to prove the second statement. 

Recall that r = \, let X e B*{F)^r be a lift of A, and let g e G{F)y. Put 
Y = Ad(.g)X. Since 

M*{kp)^^*{F),,^r:^ 

the coadjoint action of g fixes A precisely when X — F G g* (i^)o- Our goal is to 
show that in this situation g E S{F)G{F)y^r- This requires several steps. 

Lemma 2.3.3. Let tbea positive element of ^Z. Then the map 

g h-> (Ad(/i) - \)X 
is an isomorphism of finite groups 

G{F)^,t Q*{F).,t-r 

G{F),,t+ ■ SiF),,t ~^ Q*{F),^^t_r)++S*{F),,t-r 
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Proof. It is known that the image of the given map belongs to g* {F)x,t~r IIDR09[ 
Appendix B.5]. Since both sides are fci^-vector spaces of the same dimension, 
thus finite abelian groups of the same order, it will be enough to show that the 
map is an injective homomorphism. We have 

{kd[h'h")-l)X = kd[h')kd[h")X - kd[h')X + kA{h')X - X 
= Ad(/i')[(Ad(/i") - l)X] + {kd{h') - l)X 
= {kd{h") - l)X + (Ad(/i') - l)X 

where the last equality holds because, due to the positivity of t, the coadjoint 
action of G{F)x.t on the quotient 0*(i^)x,(t-r):(t-r)+ is trivial. To show injectiv- 
ity, we consider the following diagram 

G(-F)x,t B''(-F)x.t-r 

MP 



fl(_B)x,t++s(-E)x,t fl*(B)x,(t-r)++S*(B)x.t-r 

fl(-E)x,0:0+ H^[H,X]-X^ S*(g)x,0:0 + 

S(-E)0:0+ S*(-E)o:0+ 

The inclusions come from the standard vanishing result in Galois cohomology, 
and the pairing [] is the action of a Lie algebra on its dual, i.e. the differential of 
the coadjoint action. The regularity of X in 2*{E)xfi:Q+ implies that if [X, H] G 
s*(i?)o:o+/ then H G s(£')o:o+/ which shows that the bottom map is injective. 

□ 

Lemma 2.3.4. Assume that X - Y € 0*(-F)x,s + s*(F)o, where s G iZ>o. Then 
there exists h G G{F)^^,+ such that X - Ad{h)Y G q*{F)^^s+ +s*{F)o. 

Proof. Write X - Y = Zi + Z2 with Zi G 9*{F)^,s and Z2 G s*{F)q. By the 
preceding lemma, choose h G G{F)x.s+ such that 

(Ad(/i-i) - 1)X G -Zi + 0*(F),^,+ +s*(F),. 

Then we have 

X-Ad{h)Y = Adih)[Ad{h-^)X -Y] 

= Adih)[{Ad{h^') - 1)X + Zi + Z2] 
G Ad{h)[Q*{F),^,+ +5*iF)o] 

The lattice q*{F)x,s+ is preserved by Ad{h), while for an element Z G s*{F)o 
we have 

Ad(/i)Z = (Ad(/i) ^l)Z + Z e 2*iF),^s++s*iF)o. 

□ 
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Lemma 2.3.5. There exists h G G{F)y^r such that kA{h)Y e 5*{F)^r- 

Proof. If y s s*(F)_r there is nothing to prove. Otherwise, let s be the largest 
element of iZ for which X - y e Q*{F)^,s + 5*{F)a. Since X - y G £l*(i^):,,o, 
Si > is positive. Applying the preceding lemma, we obtain hi e G{F)x^s+ 
such that X — Ad(/ii)y e Q*{F)x.s++5*{F)a. Inductively we obtain a sequence 
hk € G{F)^ with the property that 

X - Adihk ■ hk-i hi)Y e 0*(F),,,+ | +s*{F)o. 

Let h be the limit, for k oo, of the sequence of partial products pk ^ hk ■ ■ ■ hi. 
Then we have 

X - Ad{h)Y (E s*{F)o. 

□ 

We are now ready to complete the proof. Recall that X e s*(F)_r is generic, 
g e G{F)y, Y = M{g)X, and X - y G 0*(i^)y,o- Choose h as in the above 
lemma, and put Y' = kA{h)Y. Then Y' e 5*{F)-r and 

X-Y' =X-Y~ (Ad(/i) - l)y e B*iF)yfi. 

We claim that w = hg e S{F). Indeed, since both elements X and Y' be- 
long to s*{F) and are regular, w belongs to the normalizer of S in G{F)y. We 
want to show that its image u) in the Weyl group ^{S, G) is trivial. Since y is 
a special vertex in B^'°'^{G, E) and E splits S, the Weyl group Vl{S, G) projects 
isomorphically to the Weyl group of Gx^Eiks)- The elements coX and loY' have 
the same image in g* Ei^E), and this image is strongly-regular. The statement 
follows. □ 

Let 

. jG(F) ^ 

According to [RY|, this is an irreducible supercuspidal representation of depth 
1 

e ' 

Fact 2.3.6. The representations ttsi.xi ''^S2,X2 isomorphic if and only if the 
pairs {Si.xi) (^nd (S'2, X2) rationally conjugate. 

We now want to recall a result of DeBacker and Reeder from BDRIOL per- 
taining to the genericity of the representation tts.x- Assume that G is quasi- 
split. Choose a non-degenerate G-invariant bilinear form () on q{F) and an 
additive character : F . Let {B,iPb) be a Whittaker datum. Write 

B = TU and g = t © u u, where U is the unipotent radical of the Borel sub- 
group T-opposite to B. There exists a regular nilpotent element E^ € u(i^) 
such that ^1){X,E-) = ^b{cxp{X)) for all X G u{F). Furthermore, there ex- 
ists a regular semi-simple element Y £ s{F) such that for all t e S{F)i, 
Xs{t) = ^{Y,MPs{t)). 

Proposition 2.3.7 (DeBacker-Reeder, IDRIOII ). The representation ns,x is {B, tps)- 
generic if and only ifY belongs to the Kostant-section associated to E^. 

We remark that, while the statement of this result IIDR09[ Prop. 4.10] requires 
that S be an unramified torus and its point in B'^'^'^{G, F) be a vertex, the result 
holds without that assumption and the proof remains the same. 
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2.4 Isocrystals and inner forms 



We briefly recall some material from |Kot85L IIKot97L and IIKalllaL which will 
be used in the construction of L-packets and the study of their endoscopy 
Let L be a completion of F". Then L = L F is an algebraic closure 
of L. In IIKot85l , IKot97l , Kottwitz defines and studies the set B(G') of iso- 
morphism classes of isocrystals with G-structure. It can be defined cohomo- 
logically as H^{Wfi G{L)), which is the same as the set of Frobenius-twisted 
conjugacy classes in G{L). To such an object b, Kottwitz defines its New- 
ton homomorphism ui, : D — s- G{L), which is a group homomorphism de- 
fined up to conjugation, and ED is the pro-diagonalizable group whose char- 
acter module is the trivial F-module Q. Kottwitz shows that the natural map 
H^{T, G{F)) — s- H^{Wf,G{L)) is injective and its image is precisely the set of 
h with Vb = 1. The (often larger) set for which vi, factors through Z{G) is called 
the set of basic G-isocrystals, denoted by B(G)bas- Kottwitz shows that every 
element of B(G)bas gives rise to an inner form of G. 

We now consider the puUback diagram 

E{G, Z) -Zl(W^F,G(I))bas 

p 

Z\T, [G/Z]{F)r Z^{Wf, [G/Z](L))b,, 

Since the lower horizontal arrow is injective, so is the upper. Moreover, one 
can define IKalllai §2.1] an equivalence relation on E{G, Z) so that the square 
remains cartesian after passing to equivalence classes at all four corners. In 
doing so, the lower horizontal map becomes bijective, and thus so does the 
upper. The upshot is that E{G, Z) allows us to select "nice" cocycles in each 
cohomology class in _B(G)bas- 

Let 5 C G be an elliptic maximal torus. Then we can also form the set £'(5', Z). 
Just as in the case of G, it embeds into Z^ {Wp, S{L)) (we can omit the subscript 
has now, as it has no effect for tori). We claim moreover that, also as in the 
case of G, the map E{S, Z) 3(5) is surjective. We need to show that the 
map Hi(r, [S/Z](F)) ^ H^iWp, [S/Z](L)) is bijective, which was tautological 
for the basic elements for G/Z, but it is not so here. It is nonetheless quite 
immediate - the image of this map is the subset of h for which vh is trivial. 
However, vh can be interpreted as an element of Xi,{S/ZY ® Q, and since S is 
elliptic, X,.{S/Zf = {0}. 

An inner twist of G is a map ^ : G — >^ G' which is an isomorphism of algebraic 
groups defined over F, and for which ^~^a{^) £ Inn(G). Given two strongly- 
regular semi-simple elements 7 G G{F) and 7' G G'{F), we say that 7 and 7' 
are stably-conjugate (or related), if there exists g £ G such that Ad(g)7 = 7'. An 
extended pure inner twist is defined to be (^, b) : G ^ G', where ^ : G — !> G' 
is an inner twist, b G E{G,Z), and C~^cr(^) = Ad(p(6)o-). Two semi-simple 
elements 7 G G{F) and 7' G G'{F) will be called stably-conjugate if there exists 
an equivalent extended pure inner twist {^',b') : G G' such that ^'(7) = 7' 
and b' G B{G^). In that situation, we will give b' the name inv;,(7,7'), or if 
b is understood, just inv(7, 7'). This element allows one to define compatible 
normalizations of transfer factors IKalllai §2.2]. 
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3 On toral invariants 



3.1 Definition of the toral invariant 



Let G be a connected reductive group defined over a local field F, and let 5* c G 
be a maximal torus defined over F. This section will be devoted to the study 
of a certain invariant of the pair (5*, G). Consider the set R{S, G) of roots of 
S. The Galois group F of F acts on this set. Following IILS87I , we will call an 
orbit of this action symmetric, if it is preserved by multiplication by —1. Oth- 
erwise, we will call the orbit asymmetric. We will also need to pay attention to 
the action of the inertia subgroup / c F on R{S, G). A given F-orbit O de- 
composes as a disjoint union of /-orbits, and one has the following dichotomy: 
Either all /-orbits contained in O are stable under multiplication by —1, or none 
is. In the first case, we will call O inertially symmetric, and in the second case 
inertially asymmetric. We will say that a root a G R{S, G) is (inertially) sym- 
metric/asymmetric, if its F-orbit has this property. The sets of symmetric resp. 
inertially symmetric roots will be denoted by R{S, G)sym resp. R{S, G)insym- 

Given a root a e R{S, G), one has the subgroups 

Fq = Stab(Q;, F) and F±q = Stab({Q;, — a}, F). 

One has [F±c< : Tq] = 1 if a is asymmetric, and [F±c< : Tq] = 2 if a is symmetric. 
Analogously, we have the subgroups /« and I±a of / with [I±a '■ la] being 
equal to 1 resp. 2 when a is inertially asymmetric resp. symmetric. Let F^ and 
F±a be the subfields of F fixed by F^ resp. T±a. Then a is symmetric if and 
only if Fa / F±a is a quadratic extension, and is inertially symmetric if and only 
if this extension is ramified. 

The toral invariant that we are going to study in this section is a function 

f:R{S, G)sym^{±l}, 

which is defined as follows: Let a e R{S, G) be a symmetric root. The 1- 
dimensional root subspace fla C g corresponding to a is defined over Fa, and 
we may choose a non-zero element E Qa {Fa)- Let t G F±a \ F^. Then tXc, 
is a non-zero element of g_Q {Fa ), and 

fiXa) := fef^ 

Ua 

is thus a non-zero element of Fa. Here //„ G 5{Fa) is the coroot corresponding 
to a. One checks right away that f{Xa) £ F±a' ^nd that changing the choice 
of Xa multiplies f{Xa) by an element of F^a which is a norm from Fa. Let 
Ka '. F^a ~^ {±1} be the non- trivial character which kills all norms from Fa- It 
follows that 



/(«) 



[Xa , T Xa 



Ha 



is independent of the choice of Xa. This is the invariant that will be the subject 
of this section. In the case where F ~ M., this invariant is well known - a 
symmetric root a is then customarily called imaginary, and it is further called 
compact if f{a) = — 1, and non-compact otherwise. 

The following simple observation is sometimes useful. 
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Fact 3.1.1. The function f : R{S, G)sym {±1} 's ^-invariant. 

Since this invariant is associated to the pair (G, S), we will sometimes denote it 
by f(G,S) ■ It is clear that /(g.s) = /(Gad.Sad) ■ the other hand, it is important to 
note that this invariant is sensitive to both the group G and the torus 5 - if 5 is 
replaced by a stably-conjugate torus, or if G is replaced by an inner form, then 
the invariant will in general be different. We will study some of this behavior 
in the next subsections. 

Before we begin with the study of the invariant f{G.s), it will be useful to recall 
another notion from I1LS87I which we will heavily use. A gauge on R{S^ G) 
is a function p : R{S,G) — {±1} with the property that p(— a) = -~p{a). A 
choice of positive roots on R{S,G) determines a gauge, but not all gauges arise 
in this way. If p, q are two gauges, then there exists a sequence of gauges p = 
Po,Pi, ■ ■ ■ ,Pn = q such that for each i = 0, . . . ,n — 1, the gauges pi and pi+i 
disagree on a single pair {7, —7} of roots. In other words, Pi{a) ^ pi+i(a) 
implies a G {7, —7}. 



3.2 A cohomological interpretation 

The sign /(a) associated to a e R{S, G)sym can be given the following coho- 
mological interpretation. Let Sa be the 1-dimensional anisotropic torus defined 
over F±a and split over F^. Thus, Sa{F) = with a e T±a acting as 

where Kq, is now viewed as a character on r±a via local class field theory. The 
inflation-restriction sequence and Hilbert's theorem 90 imply that the inflation 
map 

i?'(r±a/r„, s^{F^)) ^ i?i(r±,, s^(f)) 

is an isomorphism. On the other hand, we have the isomorphism 

H\T±^/T^,S^{F^)) ^ F^^/N{F^) 

given by evaluating a 1-cocycle of T±a/Ta with values in Sa{Fa) = F^ at the 
non-trivial element of y±a/Ya- Composing the inverse of the first isomorphism 
with the second and then with the character we obtain an isomorphism 

C'':i?'(r±a,5a(F))^{±l}. 

Proposition 3.2.1. 

2. For any non-zero element Xa e Qa{F), the map 

is an element of Z^{T±a, Sa{F)). 

2. IfX-a e B-a is such that [Xa,X^a] = Ha, then 

3. The cohomology class /'^"^(a) of f'^°^{Xa) is independent of the choice of Xa, 
and its image under k^°^ is equal to f{a). 
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Proof. We note first that f'^°'^{Xa) is well-defined, because aX^-i^ is a non-zero 
element of Qa (F) for each a G r±a- Before proving that r°^{Xa) is a 1-cocycle, 
it will be more convenient to prove the second part of the proposition. For this, 
note first that for all a eT, we have 

Then applying a E T±a to the equation 

^_ [Xcy-ia:X_^-la] 



we obtain 



[r^'^iXg, a)Xa,r\X.a, a)X.a\ 

Ha 

= .r°h(x„,a)/™'XX_„,a). 

Having shown the second claim, we now turn to f'^°^{Xa) £ Z'^{T±aTSa{F)). 
For this, let cr, r G T±a- Then 



r\Xa,aT) 



Xa 

CJT X^-l^-la (jX^-la 



X„-la Xa 
TXr-ia-^a 



Xa-^a 



r\Xa,CT) 



Now 



and using part 2 which we just proved, we see that in both cases we have 

/ r X^---^a-'^ 



\ X„-la 



aa{r\Xa,T)). 



We now come to part 3. If Xa = cXa for some c E F , then X^a = c ^X^a, 
and hence we have a{X^-ia) = aa{c)<jX^-ia- This implies that /(Xccr) = 
c~^aa {c)f{Xa, <j), showing that the class of f{Xa) is independent of the choice 
of Xa- Now let Xa G Qa{Fa)- Then f{Xa) is the inflation of an element of 
Z\T±alTa,Sa{Fa)), and thus 

for any r G T±a \ ^a- But 

r°h(X„,r) = ^^=r/(X„)-i 

and hence 

Kair'^iXa^T)) = Ka{f{Xa)) - /(«)• 

□ 
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As a first application of the cohomological interpretation of f{a), we obtain a 
description of the behavior of f{a) under stable conjugacy. 

Proposition 3.2.2. Let {G,S) and {G',S') be two pairs consisting of a connected 
reductive group and a maximal torus thereof, both defined over the local field F. Let 
^ : G ^ G' be an inner twist which restricts to an isomorphism S ^ S' defined over 
F. Then 



1. 

f{G'.S')i.ia) = /(G,S)(a) ■ Ka{Vt,a), 

where for each a G R{S, G)sym, Vt,a the image oft^ = i^^'^i £ H^{F, S'ad) 
under 

H^{F, S'ad) ^""^ H^{F±a, Sad) — H^{F±a, Sa) ■ 

1. Ift is the image of \ e H^^{E/F, X»(S'ad)) under the Tate-Nakayama isomor- 
phism, then 



3. If S is elliptic, we have 



n /(G',S')(") = e(G)e(G') J] /(G,5)(a)- 

ae-R(S',G')sym/r aeRiS,G)^y„Jr 



Proof. Choose 6 Qa (F). Then the first claim follows from part 3 of Proposi- 
tion |323] and the following computation. 



fcoh / 



^a{r'^Of(G:s)iXc.,a)X^ 



For the second claim, the functoriality and compatibility with connecting ho- 
momorphisms of the Tate-Nakayama isomorphism gives the diagram 



Res 



H\F±^,S) 



H^{F±^,Sa) 



H-\E/F,X4S)) H-\E/F±^,X,iS)) H-\F±^/F^,Z^_,j) 



[X^S) 



r tor 



■Z/2Z 



The left horizontal arrow on the bottom is given by 

<Ter/r±„ 

and the right horizontal arrow on the bottom is given by 
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This proves the second claim. For the final claim, we need to show that 

Qei?.(G,s)3ym/r 

is equal to e{G)e{G'). In view of the first part of this proposition, we may 
assume that G is quasi-split. Using the second part, we see that the above 
product is equal to (—1) raised to the power 

Qefl:(G,s)aym/r (Ter/r±„ 

On the other hand, the Kottwitz sign e(G") IKot83l is given by taking the image 
q£ ^-icr^ imder the map 

where p denotes half the sum of an arbitrary set of positive roots. Dual to the 
above sequence we have the sequence 

H\F,X*iS,d)) ^ H''{F,X*iZiGsc))) H"iF,Z) 

The character cxp(27riinv) : H'^{F,Gm) -> corresponds to the element 1 G 
H^{F, Z). Thus the character on H^{F, S^d) given by the first sequence is equal 
to the image of 1 under the second sequence. This image is represented by the 
element ap - poi Z^{F, X*(5'ad))- We want to compute the paring of the class 
of this cocycle with This pairing is given by 

exp(2™nv((ap-p)U(r'"e))- 

But we are assuming that = (A U Fund^;/^?), where Fund^; / p denotes the 

fundamental class of E/F in H'^{F, G„0. Thus 

exp{2TTimv{{ap- p)U{C^'^0) = exp(27riinv((CTp - p) U (A U Fundi;/_F)) 

= exp{2Tri[E : F]-^{{ap- p)UX)) 
= exp{27Tt[E : F]-\ E '^((^^ V - p), A))) 

aer{E/F) 

= exp(27ri(— p, A)) 
What remains to be shown is that in Z/2Z we have the equality 

(2p.A)= E E (^''^")- 

aeF!.{G.s%y„jr o-GrE/r±„ 

Recall that 2 pis the sum of an arbitrary choice of positive roots in R{S,G). For 
any gauge p : R{S, G) {±1}, let 

Rp^ E f^- 

l3eB.{S,G) 

P{P)=+1 

It is clear that for two gauges p, q, we have Rp = Rq in X*{S)/2X*{S). If we 
take p to be the gauge for which Rp — 2p, and g to be a gauge which is constant 
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on every asymmetric orbit of F in R{S, G), then we see that (2p, A) = {Rq, A) 
and moreover 

Rq^ E p. 

9(/3)=+l 

The reason that the above sum runs only over the symmetric roots is that if an 
asymmetric root is g-positive, then so is its entire orbit, but the sum over that 
orbit is zero due to the ellipticity of S. It is now clear that in X*{S)/2X*{S) we 
have the equality 

H ^ a = i?,. 

Qefl:(G,s),y„/r (TerE/r±„ 

□ 



3.3 A vanishing result 

The purpose of this section is to prove the following vanishing statement for 
the toral invariant / : R{S, G)sym {±1} when F is a non-archimedean local 
field. 

Proposition 3.3.1. Assume that the action of I on X* {S) is tame and generated by a 
regidar elliptic element. Then f (a) ~ 1 for all inertially asymmetric a G i?(S', G')sym- 

We will first prove a weaker result which holds under a more general h5^oth- 
esis. 

Lemma 3.3.2. In the situation of Proposition \3.2.2\ assume that the action of I on 
X*{S) is elliptic. Then for all inertially asymmetric a e R{S, G)sym/ have 

f(G\S'){^OL) = /(G,S)(a)- 

Proof of Lemma l3J72l According to Proposition 13.2.21 it is enough to show that 
for any set of representatives X c F for the quotient F/F±„, we have 

^ era e 2(3, 

aex 

where Q is the span of R{S, G) in X*{S). It is clear that this statement is inde- 
pendent of the particular choice of X. Moreover, the choice of X is equivalent 
to the choice of a gauge on the orbit O of F through a. By assumption, each 
/-orbit inside of O is asymmetric. Thus, we may choose a gauge p ; O — {±1} 
which is constant on each /-orbit. Then the above sum takes the form 

oGO// /3eo 
p{o) = + l 

The inertial ellipticity of S implies that the umer sum is always zero. □ 
Before proving Proposition 13 .3 . ll we need a preparatory lemma. 
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Lemma 3.3.3. Assume that the action of I on X*{S) is tame and generated by a 
regtdar element. Let a £ R{S, G)sym be inertially asymmetric, and let E be the 
splitting field of S . IfXa e ga{E), then 

/(a) = (_i)vai.(r-(x.,-)) 

for any t g T±a \ Fq. 

Proof. Since Xa is fixed by F^, the 1-cocycle f'^°'^{Xa) is the inflation of an ele- 
ment of Z'^(r±a/TE, Sa{E)). According to Proposition l3.2.1[ f{a) is the image 
of f^°^{Xa) under the isomorphism 

E: SoiQ 



FlJN{F-) ^- {±1} 

We are assuming that a is inertially asymmetric, and hence Fa/F±a is an un- 
ramified extension. Thus, the composition of the vertical map and the lower 
horizontal map sends a class [z] to 

where r is the non-trivial element of T±a/Ta. To prove the lermna, it will be 
enough to show that in fact the full isomorphism iJ^(F±Q/F£;,S'c(,(£')) — > {±1} 
sends a class [z] to 

(_2.)valE(2:(r))^ 

where r is now any element of T±a \ Fq,. The regularity of the /-action implies 
that the extension E/Fa is unramified. Thus, we know that the isomorphism 
takes the desired form on 1-cocycles inflated from Z^{T±a/Ta, Sa{Fa)). What 
we need to show is that the above displayed expression is independent of the 
choice of r and of the representative z within its cohomology class. 

To see independence of r, let <t g F^. Since //^(Fq/Fb, is trivial, we 

can choose c G Sa{E) ~ E^ such that z{(t) = c^^" c. Then 

val£;(z(Ta)) = valB(z(T)^(c-i • "c)) = n^\e{z{t)). 

To see independence of the representative z, let c G -E^ . Then 

val£((c-^ ■ "°c)z(t)) = val£((c • ^ c)-^) + valB(z(r)) G valB(z(T)) + 2Z. 

□ 

Proof of Proposition \3.3.1\ The first step in the proof will be to replace by a 
convenient torus in the quasi-split inner form of G. We may assume without 
loss of generality that G is simply connected. Let Go be the quasi-split inner 
form of G, and let (Tqi -Boi {-''^a}) be a splitting of Gq. Let^ : Go Gbe an inner 
twist such that ^(Tq) = S. For G F, let ws{(t) g n{To,Go) be the image of 
^-1'^^ G 7V(To,Go). Theni(;s G Z^(T,n{To,Go)). We are going to choose a-data 
for R{S,G). Recall that a-data is a F-equivariant function a : R{S,G) F^ 
such that a{-a) = -a{a). It is enough to specify a on a set of representatives 
for R{S, G) /(F X {±1}). We fix such a set, and for a belonging to it, we set a(a) 
as follows: 
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1. If a is asymmetric, we put a{a) = 1. 

2. If a is symmetric but inertially asymmetric, we choose an element of 
Ker(rr : kp^ — >■ kp^^ ) and let Oq, be its Teichmiiller representative. 

3. If a is inertially symmetric, then we choose a uniformizer uj E Fa such 
that uj^ € F±a, and put a{a) = uj. 

One checks easily that this provides a valid a-data for R{S, G). We transport 
this a-data via ^ to a-data for R{To, Go) for the action of T on that set given by 
wsia)a. For w e n(To, Go), let n{w) e iV(ro, Go) be the Springer lift of ws{(7), 
and let xs (o") e To be given by 

xs{o)^ n 

/3>0 
(u)s(o-)ct)"^/3<0 

where /3 > means /3 G i?(To, Bo)- It is then shown in IlLSSTl §2.3] that 

ns{cr) -.^ xs{cr)n{ws{cr)) 

is an element of {F, N{Tq, Go)). Since {F, Go) = 1, we may choose g E Go 
such that g^^'^g = ns{a). Then So ■= Ad(9)To is a maximal torus of Go which 
one easily checks is defined over F. Applying Lemma [3.3.21 to the inner twist 
^oAd(,9^^) ■ Go — >■ Gwe see that it is enough to compute /(Go.5Q)(Ad(5)^~^a). 

To lighten the notation, we now assume that G = Go and S ~ So- Let ao G 
R{To, Go) be such that Ad(5)Q;o = a. Let £ Qao (F) and X^ao G Qao (F) be 
such that [Xao,X^ao] = H^o- Then /™''(a) G H^{F±a,Sa) is the class of 

fcoh/Y ^ ns(g)crX(^g(a)^)-i„, 
/ (A„o,cr) = . 

We are going to choose Xao i^* the following way: Choose w G fi(To, Go) such 
that w~^ao G A(To, Bo) and set Xao — ni'>^){^w-^ao)- ^ is then known IISGA3[ 
Exp. XXXIII, §6], that for all a G r±„, 

n(ws(cr))CTX(j„g(cr)cr)-iQo ^>^aXao, 

withe^ G {±1}. Thus 

r'^{Xao,a)=ao{xs{<j))e^. 

Now let be the splitting field of S. Any ct G fixes all elements of the 
pinning {Xa}aeA{To.Bo)f and hence it also fixes Xao- Moreover, ?is((t) = 1. It 
follows that r°^{Xao) G Z^{T±a/TE,Sa{E)). According to Lemma |3331 we 
have 

/(a) = (-1)™1e(/°°''(^°o^'^)) = (_l)valE(ao(a;s(-r))) 

for any t g r±Q \ Fq . Recalling the definition of xs (t), we arrive at the formula 

f{a)^{-l)<, where C= E val^(a(/3))(ao,r). 

/3>0 
{ws{t)t)-^P<0 

Recall that /3 > means /3 G R{To, Bo). From now on, it will be more con- 
venient in terms of notation to sum over roots for 5* instead. Thus, let B := 
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Ad(g)J5o. Then S is a Borel subgroup of G (not necessarily defined over F) 
containing S, and we have 

C= valB(a(/3))(a,/?^), 

/3>0 

T-^;3<0 

where now /? > means (3 G R{S,B). According to our choice of a-data, we 
have 

'l ,1/3 = -//? 



val£;(a(/3)) 
Thus we obtain 



, else 



I3>0 

Lemma 3.3.4. For any gauge p : R{S, G) — > {±1}, let 

p(r-i/3) = -l 
IP=-I0 

Then for any two gauges p, q, we have (—1)'''' = (—1)^'. 
Proof. We have 



(-1)^" = n (-1) 



p(r-i/3) = -l 
7/3=-7/3 



p(/3)=+l 
II3=-IP 



We notice that each factor in the above product remains unchanged if we re- 
place /3 by — /3. This allows us to rewrite the product as 



n (p(/?)p(r-i/3) 



{/3 -/3}e_R(S,G)/{±l} 
Ifi=-II3 

As already remarked, we may assume without loss of generality that there 
exists 7 e R{S,G) such that if p(^) ^ q{(3) then /3 e {7, -7}. If 17 ^ -I-f, 
then = (q, so assume Ij = —I J- Each pair of roots — /?} provides the 
same contribution to (—1)'''' and (— 1)^", except possibly the pairs {7, —7} and 
r{7, —7}. These pairs can either be distinct, or equal. If they are equal, that is, 
if r7 = ±7, then p(7)p(r^-^7) = '?(7)'?('''~"^7) and thus (—1)^" = (— If on 
the other hand the pairs {7, —7} and t{j, —7} are distinct, then (— 1)^" 
is equal to 
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The two exponents are negatives of each other, because r = —a, and hence 
above product is equal to 



(an) 



Our assumption that the pairs {7, —7} and t{-j, —7} are distinct now implies 
that neither of tj and t^^j can be equal to ±7, and thus the fraction reduces 
to 1. □ 



Returning to the proof of Proposition 13.3.11 the Lemma we just proved implies 
that 

./(«) = (-1)'^'' 

for any gauge p : R{S, G) — > {±1}- We now choose p as follows. First consider 
the subset of R{S, G) given by 

{(i e R{S, G)|(a,/3^) ^ A //3 = -//?}. 

On this subset, we set 

p(/3)=sgn(a,/3^), 

while outside of this subset, we choose p arbitrarily. For this gauge we have 

p(t-1/3) ^ sgn(«,r-i/3^} 
= sgii(rQ;,/3^) 
= sgii(-a,/3^) = 



Hence 



{P-0}&R(S.G)/{±1} /3>0 

II3=-If) Il3=-Il3 



According to llBoul Ch. VI, §1, no. 10, Prop. 29], we have J2f3>o 1^^ = with 

(a, 2p^) e 2Z, thus 

/(«)= n (-l)^"^'^^^- 



/9>0 



One checks immediately that the above product is equal to 



n, \ p(/3)=+l / 

p(/3)=+l 

for any gauge p : R{S,G) {±1}- We now choose a gauge p which is constant 
on each asymmetric /-orbit in R{S,G). Then we have 

E E E/5^- 

p(/3)=+l oeR{S,G)/I l3eo 

Ifi^-iP p(o)=+l 
07^ — 

The ellipticity of the inertial action now implies that the inner sum is zero for 
each o. □ 
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3.4 Relation to the Weil constant 

We continue to assume that F is a non-archimedean local field. Consider the 
root space decomposition of the Lie algebra of G 

fl=s©n, n= ^ Qa- 

aeR{S,G) 

Let B be an N{S, G)(F)-invariant symmetric bilinear form on n{F), and ^ : 
F — j> a non-trivial additive character. Then we can consider the Weil- 
constant 7^(n(F), B) |Wal95, §V111]. 

Lemma 3.4.1. We have the equality 

Qefl(s,G)sym/r 

Here A is the Langlands X-function ^LanArtl Thni. 2.1] (see also hBH05b\ §2.5]), and 
Ba G ^'s the number B{Xa,Ya) where Xa £ Qa{Fa) and Ya S Q-aiFa) are 
any elements with [Xq, Yq] = Ha- 

Proof. We have a decomposition of vector spaces defined over F 
® '^O' where no = ^ fla- 

Hence 

7^(n(F),B)= H 7v,(no(F),B). 
oeR{s,G)/r 

If is asymmetric, the space no{F) is i?-isotropic, and thus 7^(no(F), S) = 1. 
If O is symmetric, then choosing a root a G O and an element Xq, £ 0q(Fq) we 
obtain an isomorphism of F-vector spaces 

Fa no{F), X 1-^ a{xXa). 

(TGr/r„ 

The pull-back of B to Fa under this isomorphism is equal to 

(x, y) tr p^^/p[{xT{y) + yT{x))B{Xa,TXa)], 
where t g r±Q \ Fq, and hence 

Ji,{no{F),B) ^-f,^{Fa,{x,y) ^ {xT{y) + yT{x))), 

where : F±a is the character x ■)p{tTp^^/p{B{Xa,TXa) ■ x)). The 

calculation in the proof of |JL70| Lemma 1.2] shows then that 

-f4noiF),B) = Xp^/F^^ii^). 

To complete the proof, we note that B{Xa,TXa) = f(G.s){ot)Ba and then use 
the properties of the Langlands constant. □ 

Corollary 3.4.2. Assume that the maximal torus S is elliptic. Let ■ G G' be an 

inner twist and S' c G' a maximal torus. Assume that ^ restricts to an isomorphism 
S S' defined over F. Let B be a symmetric Ad-invariant non-degenerate bilinear 
forms on 0(F), and let B' be its transfer to g'(F) as in ilWfl/95lf . Then 

^^,{q{F),B)^^{q'{F),B') = e(G)e(G'). 
Proof. This follows at once from Lemma 13. 4. II and Proposition l3!Z2l □ 
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3.5 A result of Kottwitz on e-factors 



This is a convenient place to review a recent result of Kottwitz on the relation- 
ship between Weil-constants and epsilon factors. In this subsection only, we 
assume that F is any non-archimedean local field, without assumptions on its 
characteristic or its residual characteristic, and denote by F a fixed separable 
closure of F. On the space n introduced in the last section one can define a 
canonical N{S, G) -invariant F- valued quadratic form. Namely, on each plane 
Qa © Q~a it is defined by the rule 

This assignment is unchanged if we replace a by —a, and on the space n, which 
is the direct sum of these hyperplanes for all {a, —a} € R{S,G)/ {±1}, we 
take the sum of the individual forms defined above. One sees easily that this 
quadratic form is F-equivariant, and hence defines an F-valued quadratic form 
on n{F). We will call this form can. Kottwitz's result then is the following. 

Theorem 3.5.1. Let T bea minimal Levi in the quasi-split inner form ofG. Then 

eLiX*iS)c - X*iT)c,^P) = e(G)7^(n(F),caii), 

where cl is the Langlands normalization KTat77\ §3.6] of the e-factor of the degree-0 
virtual V -representation X*{S)c ~ X*{T)c- 

Combining this Theorem with Lemma|3ATJ we obtain the following Corollary. 
Corollary 3.5.2. Let T he a minimal Levi in the quasi-split inner form ofG. Then 

eLiX*{S)c-X*{T)c,^)^e{G) [] /(g^5)(«)Af„/f± JV' ° trj.^/F± J- 
3.6 The character associated to the toral invariant 

We continue to assume that F is a non-archimedean local field and assume now 
moreover that the residual characteristic of F is not 2. Using the toral invariant 
/(G,s) we will define a character 

ef:S{F)^C\ 

For this, we first give for each a G R{S, G) a character ■ F^ ^> as follows. 
If a is asymmetric, we take Cq, = 1. If a is symmetric and inertially asymmetric, 
then we consider the group kp / kp^ . This is a cyclic group of even order, and 
we take on it the unique character which sends any generator to f(G,s){<^)- We 
then inflate this character to Op and take Eq to be its unique extension to F^ 
which restricts trivially to F^^ . Finally, if a is inertially symmetric, we take the 
xmramified character on F^ given by ea{x) ~ /(g.s)(q^)™'^° (2^)- 

The set of characters {ea\ ol g R{S,G)} obtained in this way satisfies the as- 
sumptions of IILS87I Cor 2.5.B] and thus gives rise to a character £/ of S{F). 
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Lemma 3.6.1. Assume that the action of I on X*{S) is tame and generated by a 
regular elliptic element. Then for every 7 G S{F) whose root values are topologically 
semi-simple, we have 

e/(7) = n hG^a). 
aefl(s,G),y,„/r 

a(7)#l 

For every 7 whose root values are topologically unipotent, we have 6/(7) = 1. 



Proof. Following the argument of the proof of IILS87I Lemma 3.5.A], we see that 

e/(7)= n ^"(^")"' n ^"('5")"' 

Qei?(S,G)aBym/(rx{±l}) Q G -R(S, G) ^ym /F 

for certain elements 7", J" S . According to the choice of (a, the first prod- 
uct vanishes. Moreover, by Proposition 13.3.11 the second product runs only 
over inertially symmetric orbits. To evaluate that product, we need to describe 
the element 5" . For this, we consider the exact sequence 

1 >.Fi J-x px 1+^^ px 



where t G T±a \ r^. The element a (7) G belongs to the kernel of 1 + t and 
we let 5a G F^ be any element which maps to a{'^) under 1 — r. 

If 0(7) is topologically unipotent, then so is 5°', but then (J") = 1. This shows 
the second claim. If 0(7) is topologically semi-simple, then since Fa/F±a is 
ramified, this means that a (7) G F^^. Belonging to the kernel of 1 + t then 
implies 0(7) G {±1}- If 0(7) = 1/ we may take S" = 1, and if a{'-f) = —1, we 
may take S" — lu, where lj g F^ is a imiformizer such that cj^ G F±a. Then we 
see that 

/(G,s)(a) ,"(7)7^1 
1 , else 

It follows that 



e/(7)= n /(G,S)(a)- 

aeR{S.G)insyn,/r 

Applying again Proposition 13.3. 1[ we see that this expression is equal to the 
right hand side of the claimed equality. □ 



4 Construction of epipelagic L-packets 



4.1 Construction of L-packets 

We now assume that G is quasi-split. Let G be the complex dual group of G. Let 
us recall what data this entails (see also IKot84[ §1]). First, G comes equipped 
with an action of the Galois group F by algebraic automorphisms. Furthermore 
there exist splittings (T, B, {Xa}) and (T, B, {Xqv}) of G and G respectively, 
which are fixed by the action of F, and an isomorphism of F-modules (T) — > 
X*{T) which identifies the i?-simple coroots with the i?-simple roots. For any 
other two F-fixed splittings {T^,B^{X^}) and (f^ , B\ {X^,,}) there exists a 
imique isomorphism X*{T^) X*{T^) induced by the one for T and T. The 
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splittings themselves are not part of the data of G, but the compatible system 
of isomorphisms X^{T) X*{f) is. 

Let = G XI Wp be the Weil-form of the L-group of G. We consider Langlands 
parameters 

(p-.Wp ^ ^G, 

which are subject to the following conditions: 
Conditions 4.1.1. 

1. T = Cent((^(PF), G) is a maximal torus ofG belonging to a T-fixed splitting. 

2. The image of(p{Ip) in fl{T, G) x Ip is generated by a regtdar elliptic element. 

3. If w ^ Ip , where m is the order of the regular elliptic element, then (p{w) = 

We will call such Langlands parameters epipelagic. In this section we are going 
to construct to each epipelagic Langlands parameter ip and each inner twist 
^ : G — > G' a packet 11^3,5,0' of epipelagic representations of G'(F). We will 
argue that ,c depends only on the G-conjugacy class of (p. 

Let S be the Galois-module whose imderlyrng abelian group is the complex 
torus T and whose Galois action is provided by 

(p:Wp ^ N{f, G)yiWp n(T, G) xi Wp ^ Autaig(f ). 

It is clear that this action factors through a finite quotient of Wp, and this quo- 
tient is the Galois group of a finite tamely ramified extension K/F. Let S be 
the algebraic torus defined over F whose complex dual is 5*. The splitting field 
of S is K. 

In Section 14.21 we are going to construct a G-conjugacy class of embeddings 
: ^G. These embeddings will be tamely ramified, in the sense that 

^j{l,w) ~ (1, w) for all w e Pp. Given this conjugacy class, there exists an 
element in it satisfying the following: 

Conditions 4.1.2. 

• ^J(^) = T. 

• The following two group homomorphisms are equal: 

Wp ^ N{T, G) X Wp n{f, G) X Wp 

Wp — ^ S yiWp — ^ N{f, G) X Wp ^ n{f, G) x Wp 

These properties imply that the image of contains the image of Lp, and thus 
we obtain a factorization 

The local Langlands correspondence for tori attaches to (/Jg tj a character 

Xs,H--S{F)^C-. 

The character Xs.'-j depends on the choice of ^ j within its G-conjugacy class. 
The dependence is as follows. 
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Lemma 4.1.3. Let ^ji,^j2 : ^ ^Gbe G-conjugate and satisfy Conditions \4.1.2\ 
Then — Ad{n)^ji for an element n G N{T, G) whose projection to Vl{T, G) is 
fixed by ^ji(r). If he n{S, G){F) is the element with 

^ji o Ad{h) = Ad{n) o ^ 

then 

Xs,^n = Xs,^n o Ad(/i"i). 

Proof. The first claim follows directly from the fact that both satisfy Condi- 
tions |l]T]2l For the second, we compute 

from which we conclude that 

□ 

Lemma 4.1.4. For every choice of^j within its G-conjugacy class, every inner twist 
^ : G — > G', and every admissible embedding j : S ^ G' of S into an inner form G' 
ofG, the pair j*(S', Xs,^j) satisfies the Conditions \2.3.1\ 

Proof. The first item in l2.3.1l is immediate, the second follows directly from the 
second item in l4.1.1l For the third, we note that since the restriction of to Pp 

is trivial, the third item in l4.1.1l implies that '^s,'-j restricts trivially to Ip^ . The 
claim now follows from IYu09[ §7.10]. 

We now come to the fourth condition in 12.3. II According to Lemma [2.2.11 we 
must analyze the character Xs,^j ° Af, where N : S{E) S{F) is the norm 
map and E/F is the splitting extension of S. The Langlands parameter of this 
character is ips,^j\wE- Note that since is tamely ramified, the restrictions of 
^s,^j ^rid ^ to wild inertia coincide. For any E R^{S, G) = R{S, G), the 
character xs,^j o o is given as the composition 

We/W% S^C" 

and its non- vanishing on C/J; is equivalent to the non- vanishing of the restric- 
tion of o (fis.^j to wild inertia. This is implied by the first item in Conditions 
14.1.11 Moreover, the statement that no Weyl element stabilizes X ° N\s(e) i is 

equivalent to the statement that no Weyl element stabilizes the restriction of 
(^5 to wild inertia, which also follows from the first item in Conditions 14. 1 . 1 1 

□ 

Now fix an inner twist ^ : G — > G" and an L-embedding : ^G. For 

every admissible embedding j : S ^ G', we obtain the pair j*{S, Xs,^j) of ^ 
maximal torus of G' and a on it, and this pair satisfies Conditions 12.3.11 Let 
ej : S{F) be the pull-back along j of the character £/ on jS{F) defined 

in Section |S31 By Lemma|3AlJ the pair j^{S, xs ' ) ^Iso satisfies Conditions 
1231] We let 
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be the irreducible supercuspidal representation of G' (F) given by the construc- 
tion in Section l23l According to Lemma [4.1 .31 we have for any h £ i^{S, G){F) 
the relation 

We now set 

to be the set isomorphism classes of tt^ i^, where j runs over the set of rational 
classes of admissible embeddings j : 5 — > G", and : ^5 — > is a fixed L- 
embedding in its G-conjugacy class. The above relation shows that changing 
the choice of has no effect on the set H^^^^g'- Furthermore, the set H^p^^ G' 
remains unchanged if we replace ip by Ad{g)(p for any g ^ G. For if we at the 
same time replaced by Ad{g)^j, the two changes cancel. Thus, we may as 
well write n$.^ g'/ where $ ~ Ad{G)(p. 

This completes the construction of the sets g"/ apart from the specification 
of the G-conjugacy class of L-embeddings ^5 — > ^G. We will turn to this 
matter shortly, but first we want to show that our packets satisfy Shahidi's 
generic packet conjecture lSha90l . 

Proposition 4.1.5. Fix a Whittaker datum {B, iPb) on G. Then the set 11$. g contains 
a unique {B, ijj)-generic constituent. 

Proof. Choose a representative ^j:^S-^^G within its G-conjugacy class, and 
choose a representative j : S G within each rational conjugacy class of ad- 
missible embeddings. The set of pairs {j*{S, xs,'-j)} is a set of representatives 
for the rational conjugacy classes in a single stable class. For each j, the charac- 
ter €j is trivial on 5(F)o+. Thus the set of pairs {j*{S,xs,^j " ^j\s{F)o+)} is still 
set of representatives for the rational conjugacy classes in a single stable class. 
Recall from the discussion preceding Proposition |2.3.7| that we can associate to 
each pair j„ (5, Xs.^j ' ) ^^i element Yj E js{F) which describes the restriction 
of i*{xs.^j ■ fj) to jS{F)o+. Then the set {Yj} also forms a set of representa- 
tives for the rational classes in a single stable class. The claim now follows from 
Proposition 12371 □ 



4.2 Construction of the L-embedding ^j:^S^^G 

We maintain the notation that : Wp ^G is a Langlands parameter sat- 
isfying Conditions 14.1.11 ^ : G — > G' is an inner twist, and j : 5 — > G' is an 
admissible embedding of the torus S constructed from ip in the previous sub- 
section into G'. 

Associated to j is a canonical G-conjugacy class of embeddings j : 5 — > G of 
complex algebraic groups. In IILS871 , Langlands and Shelstad have described a 
procedure which provides a G-conjugacy class [^j] of L-embeddings ^j:^S^ 
^G extending j. However, the construction of [^ j] requires the choice of aux- 
iliary data, which they call x-data. Different choices of x-data lead to different 
G-conjugacy classes [^j], and in our construction this would lead to different 
characters Xs,^j' hence to different representations -Kj. In this subsection we 
will describe the correct choice of x-data. 
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Recall that Wp and Ip denote the Weil group and inertia group of F. For con- 
venience, we will drop the subscript F. We consider the action of W on R{T, G) 
given by if. Let a G i?(r, G) and put 

Wa = Stab(iy, a) W±a = Stab(iy, {a, -a}). 

Denote the fixed fields for the action of these groups on F by Fa and F±a- Then 
Fa/F±a is an extension of degree at most 2. A set of X'data is a set {xaja S 
R{S, G)}, where each Xa is a character 

and such that the set {xa} satisfies the conditions of |LS87[ §2.5]. The most im- 
portant of these conditions is that Xa be trivial on Np^/p^^ [F^ ) (this is slightly 
stronger than the original condition, but it is what we will use). 

If a is asymmetric, we are forced to take Xq. = 1 . If a is symmetric but inertially 
asymmetric, then Fa/F±a is unramified, and there exists a unique unramified 
character Xa satisfying the imposed condition. If a is inertially symmetric, 
and if we require that Xa be tamely-ramified (imramified is not an option any 
more), then there are exactly two characters satisfying the imposed condition. 
It is between these two that we need to choose, and we will use the arithmetic 
information encoded in if to do so. 

It will be enough to specify the character on an arbitrary unit ormizer uj e F^ , 
since these elements generate the multiplicative group F^ ■ To that end, con- 
sider the restriction of ip to the wild inertia subgroup P. Its image belongs to 
T. Composing this restriction with the root a we obtain a homomorphism. 

pC —^f — . 



It can be shown that this homomorphism extends to Wp^ , and hence provides 
by local class field theory a homomorphism 

By assumption on ip, this homomorphism is trivial on U"^^. Using the uni- 
formizer tu, we obtain a character 

C... : kp^ ^;^^^f±L^ uyUl^ Cx . 

With this, we define 

Xq(w) = \p^/P^S^a,u))~^ , 

where A is the Langlands A-function IILanArtI Thm. 2.1] (see also IIBHOSbl §1.5]). 
This concludes the construction of characters Xa ■ F^ . 

Lemma 4.2.1. The set {xa \ a e R{T, G)} just constructed is a set ofx-datafor the 
action ofWonR{T,G) given by ip. 

Proof. Let a G R{T, G) and cr e F. We need to show the following points 

• X-a = Xa^ 

• X<ya =Xa° <^~^ 
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' x\f^ is equal to the character corresponding to the extension Fa/F±a by 
local class field theory. 

All of these points are obvious when the extension Fa/F±a is either trivial or 
unramified, so we focus on the case when this extension is ramified. First, 
replacing a by —a replaces £_a by hence £,a,uj by ^a,uj o (a; n> — .t), and hence 

multiplies ^f^/f±^ by f ^) • Thus we obtain 




But it is known that = ^rid the first point follows. The sec- 

ond point follows from the fact that a provides an isomorphism of extensions 
Fa/F±a — > Faa/F±cra which transports ^a.ij to ^aa.aij and from Fact 13.1.11 For 
the third point, we must show that Xa restricts to the Legendre symbol on the 
Teichmiiller representatives in Op , and kills — cj^ for each uniformizer u. The 
first claim follows from the fact that multiplying ui by the Teichmiiller repre- 
sentative of u G kp^ replaces by ^a.ui by £,a,uj{u-), while the second is equivalent 

to the claim that Xq(<^^) = (^) ■ 

□ 



4.3 Parameterization of L-packets 



Our goal in this section is to provide a parameterization of the packets n$.5,G' 
from Section [01 in terms of G in accordance with the local Langlands conjec- 
ture. As has already been observed by Vogan | Vog93| , the notion of an inner 



form is not rigid enough to allow for such a parameterization. This necessitates 
a rigidification of this notion. In other words, we must endow an inner form 
with additional structure and consider two inner forms as different if their ad- 
ditional structures differ, even if the underlying inner forms are the same. We 
will use the concept of extended pure inner forms, originally due to Kottwitz 
|Kot851lKot97 |. We refer the reader to BKalllal for an exposition of this notion, 
as well as the related notions of rational and stable conjugacy across extended 
pure inner forms. 

The first step towards a parameterization is to replace the sets n$.G' with the 
single set 11$ consisting of equivalence classes of quadruples {G^, b, tt) where 
{(,, 6) : G — > G'' is an extended pure inner twist (in particular ^ : G — > G^ is an 
inner twist), and tt £ 11$ gb. The notion of equivalence of quadruples, which 
is explained in BKalllal , is such that if we fix an extended pure inner twist 
{(,, b) : G ^ G^, then the subset of YLij, consisting of elements corresponding to 
that extended pure inner twist is precisely the set 11$ ^ Qb discussed in Section 
El 

For each ip E ^ we have the diagonalizable group S^p = Ccnt{(p,G). Given 
(p,ip' G there exists g E G with Ad{g)if = ip', and this element provides 
an isomorphism Ad{g) : S^p — S^'. This isomorphism is independent of the 
choice of g, because Sip is abelian. Thus we obtain a system {S^}p^,s, of diago- 
nalizable groups together with transition isomorphisms, and we call it 5*$ . 
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In this section we are going to construct, given a Whittaker datum {B, iI'b) for 
G, a canonical bijection 

Fix (y5 G Choose any L-embedding ^ j : — within the G-conjugacy 
class determined in Section l42l and satisfying Conditions 14.1.21 It provides a 
character xs.'^j ■ S{F) — !> as in Section |4A] It provides furthermore an 
isomorphism of diagonalizable groups 

Cent((p,G). 

Composing this isomorphism with the Kottwitz isomorphism we obtain an 
isomorphism 

X*{Cent{ip, G)) -> X*{S^) = X*(S')r ^ B(S'). (4.3.1) 

According to Proposition 14.1.51 we can find an embedding jo : 5 — > G in the 
stable class dual to [^j], such that the representation ttjo^Xsl- is the unique 
generic constituent of the packet 11^ id,G- 

Given p e X*(Cent((p, G)), let bp e E{S, Z) be any element mapping in B{S) 
to the image of p under | |4.3.1| |. We use jo to further map bp to E{G, Z). Let 
: G ^ G''" be the corresponding inner twist. Then jp := o jo : -S* — > G' is 
an embedding defined over F, and we obtain the representation 

of the group G'{F). 
Proposition 4.3.1. The map 

(G^^^p,6p,7^p) 

provides a well-defined bijection 

x*{s^) n<E, 

which is independent of the choice of^j within its G-conjugacy class. 

Proof. The fact that the equivalence class of the quadruple (G^p ,(,p,bp,TTp) de- 
pends only on the image of bp in B(5), and hence only on p, follows from the 
same argim\ent as in the proof of IKalllal Lemma 3.3.2] and will be taken as 
proved. We will now show that, for a fixed ip, the map X*{S,^) — !> flcj) con- 
structed above is independent of the choice of ^j within its conjugacy class. 
Applying Lemma [4. 1.31 we see that any other L-embedding is of the form ^j o 

Ad{h). This latter L-embedding then gives rise, according to the same lemma, 
to the character Xs,^j ° Ad(/i^^) = Ad(/i),xs.^i- now have 

[jo]*iS,Xs,^3 ■ ejo) = bo o Ad{h)]4S,Xs^LjoAdih) ' ^Jo) 

and we see that changing ^j to ^j o Ad{h) has the effect of changing jo to 
joAd(/i). One sees immediately that the element bp associated to p remains 
imchanged, and then so does the quadruple {G^" ,^p,bp,Trp). 

We have just shown that the map X*{S,^) — s> 11$ depends only on ip, and not 
on the choice of ^j. The fact that it is bijective follows from Fact 12.3.61 and the 
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fact that B(5) classifies the rational conjugacy classes of embeddings of S into 
the extended pure inner forms of G. 

Finally, we claim that the system of maps X*{S^) — > 11$ we have constructed 
for each ip G ^ provide a well-defined map — > I!*. This means that for 
any two ip, ip' we have the diagram 




n<E, 



where the diagonal maps are given by the above construction, and the vertical 
map comes from the transition isomorphism Sip S^i . To that end, let 5 € G 
be such that Ad (5)1^ = ip' .\i S and 5" are the F-modules associated to ip and ip' 
in the construction in Section l4]Tl then Ad(g) provides an isomorphism — > 5". 
If ^ix ■ '"S is an embedding satisfying Conditions 14.1.21 with respect 

to (p, then Ad{g)^jx is one satisfying these conditions with respect to (p'. In 
particular, we have ips' — Ad{g)ps- The claim now follows. 

□ 



4.4 Compatibility with the formal degree conjecture 

Fix an inner twist ^ : G ^ G'. In this section we will show that the L-packets 
H^^G' satisfy the formal degree conjecture of Hiraga-Ichino-Ikeda IHII08I . Let 
us briefly recall the statement of the conjecture. Let ip : F ^ he a non- 
trivial character, and let ^q, ^, be the Haar measure on G'{F)/A{F) defined 
in IIGG99I . Here A is the maximal split torus in the center of G. Then the 
conjecture states that for each n g II^.g'/ 

d{Tr; ^J.G' /A,4,) = j^\j{0, Ado ip^ 1^)1. 

Here, the left hand side is the formal degree if tt relative to the given Haar 
measure. On the right hand side. Ad denotes the representation of ^G on the 
vector space Lic(G)/Lic(Z(G)'"), and 7(3, Ad o ip, ijj) is the 7-factor of the Wp- 
representation Adoip. The group is the component group of the intersection 

of S*^ with the subgroup of G which is dual toG/A. Finally, (1, tt) is the value at 
1 of the character (•, tt) of an irreducible representation conjecturally assigned 
to TT. Since in our case the relevant finite group is abelian, this quantity is 
always equal to 1. 

The main result of this section is the following. 

Theorem 4.4.1. The L-packet 11^,0' satisfies the formal degree conjecture. 

Proof. We will first compute the right hand side. Recall that by definition, 

Lil-s,V'') 



^{s,V,i;) = e{s,V,i;y- 



Lis,V) 
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The representation Ad being self-dual, we see 

7(0, Ad o ^, ^) ^ e(0, Ad o ^, ^) ^jil^l^. 
Lemma 4.4.2. Assume that ip is of order zero. Then 

log^|e(0,Adoy.,V)| = J(dini5-dim3^ + #i?/e), 

where R is the absolute root system ofG and e is the order of the regular elliptic element 
giving the action of inertia on T through ip. 

Proof. We know that e(0, V, V') = w{V)q°'^^^^^~^^ where w{V) is the root num- 
ber (being equal to dot V{ — 1) when V is self-dual), and a{V) is the Artin con- 
ductor. For the representation V = Ad o ip, the lower ramification filtration 
ends at D2 = {!}, and we have 

= t and 

according to Conditions 14. 1.1 1 It follows that 

a{v) = 6:M[Q/f]/ri'/f]) + \dM[Qrf]/[i/f]) 

= dim(0) - dim(3^) + #i?/e 

□ 

Let M = X^:{Z / Ay . This is a finite-rank free Z-module with Frobenius action. 
In fact, it is the cocharacter module of the maximal reductive quotient Z/A 
of the special fiber of the Iwahori group scheme of [Z/A\{F). In particular, 

(M ® k^^ )^'' is the set of fc^-points of Z/A. 

Lemma 4.4.3. The <C\Fv\-modules M ®<C and^^ are dual to each other. 

Proof. The i^-torus Z° has as its complex dual torus Z/Z^cr- Thus the C[r]- 
moduleX*(Z°)«)CisdualtoX4Z/Zdor)(»C. The inclusion ^ X^{Z/Zder) 

becomes an isomorphism after tensoring with C, and we see that the dual of 
theC[r]-module A,(Z)(g)Cis3. Thus M®C, being equal to cok{[X^{Z)(g>Cf 
[Xt{Z) C]^), is dual to ker(3~/ ->■ 3^r), which itself is equal to cok(3^'" f^). □ 

Lemma 4.4.4. 

|L(l,Ado^)| ^qdhna^/J^) . i(^M (g,k^''f'\-\ 

Proof WehaveL(l, Ado(^) = dct(l-g-iAd((p(Fr))|(0/3r)Ad(¥^(7)))-i_ Arguing 
as in the proof of Lemma|4321 we see (g/3^)^'^('^(^» = /f = i^/f. Thus 

L(l,Ado^)-i = dct{l - q-^FY\i' /i^) 

= dct(q-iFr(<zFr-i-l)^^/3r) 

= q- dn-aiJ'/r) . det(Fr|3^/3r) . dct(qFr-i - f^^) 



The second of the three factors is a product of roots of unity. The third factor 
equals up to a sign dct(l — qFT~^\'^^ /^^), and using Lemma [4.4. 3| we obtain 

det(l - qFi'^W/i^) = dct(l - qFi-\M (g) C) = {M(S)k^''f\ 

□ 
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Lemma 4.4.5. 

|L(0,Ado(^)| ^ \MF,r\ 

Proof. We have 

L(0,Ado(^)-i = det(l - Frla^/j^) 

= det(Fr|3^/3i^) • det(Fr-i - ll^' f^^) 

= det (Fr /J^ ) • det (Fr - 1 1 A/ C) 

= det(Fr|3^/3^) • |A//(Fr - 1)M\ 

The first factor is again a product of roots of unity. □ 

Lemma 4.4.6. 

15^1 = \X4S/A)r\. 

Proof. We have 

S'^^S^n G/A ^S^n G/A = sJa = Hom(X*(S'M)r, C^). 

The torus S/A being anisotropic, the abelian group X^,{S/A)r is finite, hence 
the result. □ 

Combining the above results, we obtain the following expression for the right 
hand side of the formal degree conjecture. 

Corollary 4.4.7. 

|7(0, Ado (p,1p)\ g^(dim(5)+dim(3^)+#_R/e)-dim(3'") 

\^\ ~ \Mp,\-^\X4S/A)r\\iM ^k^^'r^]' 

We now turn to the computation of the formal degree. The first step is to com- 
pare the Haar measure of Gross-Gan IGG99I with the one of DeBacker-Reeder 
lDR09l ?51. 

Lemma 4.4.8. Let vq' be the Haar measure on G'{F) normalized as in hDR09l §5]. 
Assume that ip has order zero and let fio' be the Haar measure on C (F) defined in 
ilGG99l f with respect to the ip-self-dual absolute value on F. Then 

Proof. We take to be the pro-unipotent radical of an Iwahori-subgroup of 
G'{F). Then according to llGr97l (4.11)] and IGG991 §5], we have 

- log^ vol(/+, fiG',^) - ^a(MG) + J2^d - 1) dini(y/) + rank^^uG, 

d>l 

where 

d>l 

is the motive of G (the quasi-split inner form of G'), and 

a{MG) = J2{2d-l)aiVd) 
d>l 
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is its Artin conductor IIGG99[ (4.3)]. Since G is tamely-ramified, so are all the 
F-modules Vd, and thus 

a{MG) = ^(2d - 1) diin{Vd/Vi). 

d>l 

A short computation reveals 

-log,vol(/+,//G'.0) = ((2rf - l)dim(l/d) -dim(y/)) +ranki..G. 

d>l 

On the other hand, we have from IGr97[ §1] the formulas 

^(2d - 1) dim(Vd) = dim(G) J^^d ^ E rankf-G = dim(£;'^), 

d>l d>l 

which bring us to 

-log,vol(/+,/.G',0) = i(dim(G) +dim(i?^)). 

On the other hand, 

vo\il+ = [I ■■ l^r'yo\{l,m') = \Uei\){kF)\-i = q~^''''^^'\ 

where I is the reductive quotient of the special fiber of the Iwahori group scheme 
of G'. It's dimension is equal to the dimension of , and the proof is com- 
plete. □ 



We now proceed to compute the formal degree of a constituent tt of the L- 
packet n^,j,G'. This representation is of the form (Section lZ3]| 

■ jG'(F) ^ 

TT = ^s'.x- = c-ind^,(F)G'(F),.o+>^' 

where S' is a maximal torus of G' which is the image of an admissible em- 
bedding j : S ^ G' , y is the point in the reduced Bruhat-Tits building of G' 
determined by 5', and x is a one-dimensional character of the inducing group 
S'iF)G'{F)y,o+. It follows that 

, I ^ , ( s'{F)G'{F)y.^+ 

deg(7r; Hg'/a,^,) = vol ( j^jy^; f^c /A,,p I • 

We have the exact sequence 

G'{F)y.o+ S'{F)G'{F)y^o+ S'jF) 
A{F)o+ A{F) S'{F)o+A{F) 

The final term of this sequence is a finite abelian group. Applying Lemma|4A8l 

we see 



deg(7r; ^^a>/A^„) = ^g'm) " 



S'{F) 



S'{F)o+A{F) 



Lemma 4.4.9. We have 



log, vol ( ^j^pff^; ^G'lA ) = i(rk(M) + #i?/e) 
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Proof. By definition, 

vol(G'(F)j,,o+;J^G') = \Ue{Gy)ikF)rK 

where G'y is the reductive quotient of the special fiber of the parahoric of G' 
associated to y. Thus, we have 

-log^vol(G"(F)j,,o+;i'G') = ^diin(G'y). 

Let G'E,y be the reductive quotient of the special fiber of the parahoric oiG' xE 
associated to y. As argued in Section l2Al we then have 

-loggVol(G"(F)j,,o+;i'G') = ^dim(G'^,y). 

Using the root-decomposition of the Lie-algebra of G'^.y with respect to the 
adjoint action of the reduction of S, and the fact that / acts elliptically on S and 
regularly on G), we see that dini(G'^ = dini(Z) + #i?/e. 

On the other hand, we have — log^ vol(yl(i^)o+, va) = | dim(yl). Recalling that 
M is the cocharacter module of Z/A, we obtain the result. □ 



Lemma 4.4.10. We have 



S'iF)o+AiF) 



\X,{S/A)f\ ■ liMc^kp f'\ 



Proof. The torus S' being tamely ramified, the group 5"(F)o+ surjects onto 

[S' /A]{F)o+, and we see that 



[S'/A]{F) 



[S'/A]{F)o+ 



S'{F)o+AiF) 
It is known IHR08II that 

[[S'/A]iF):[S'/A]iF)o] = \X^{S/A)f\, 

so it remains to compute [[5'/A](F)o : [S"/A](F)o+]. This is the number of 
fci?-points in the reductive quotient of the special fiber of the parahoric group 
scheme of S'/A. This is the connected component of the /-fixed points in the 
reductive quotient of the special fiber of the parahoric group scheme of [S"/A] x 
E, and its character module is M. We conclude 

[[S'/A]{F)o : [S'/A]{F)o+] = \{M ^k^^'n 
and the statement follows. □ 

The last two lemmas allow us to conclude 

^i(dim(G'M)+rk(M)+#fl/e) 

degin; /A,i;) = =z • 

\X,{S/A)f\-\iM(g,kF )^^\ 

Recall that M = X^{Z/Ay, and hence 

rk(A/) = dim(Z^) - dim(A) = dini(3^) - dimd^). 

Thus, comparing the formula for deg(7r; hq, /a.^) above with the one in Corol- 
lary [iXZl and noticing that X^iS/A)' = M by the ellipticity of the /-action on 
S, we see that the proof of Theorem 14.4.11 will be complete once we establish 
the following elementary algebraic lemma. 



38 



Lemma 4.4.11. Let T be an extension of the finite cyclic group B by the finite cyclic 
group A, and let M be a finite-rank free Z-module with T -action such that = 0. 
Then 

\Mr\^\M^\-\M^\. 

Proof. We have the exact sequence 

^ A/A,tor ^ Ma M"^ M^/tTAM ^ 0, 

where the middle map is given by the trace of the A-action. If we let free be 
the maximal torsion-free quotient of Ma, we see that the _B-module MA,hcc is a 
submodule of the i?-module M^. Our assumption implies that H^{B, M^) = 
0, and hence 

By what we just argued, the same holds also with M^ replaced by MA.hoe- 
Consider the exact sequence 

^ MA,tor Ma MA,ircc ^ 0. 

On the one hand, the above cohomology vanishing statement implies that 

Hi{B, MaJtcc) = 0, and hence 

|Mr| = |A/^,freo,B| • |M^,tor,B|. (4.4.1) 

On the other hand, from H^{B, MA,hcc) = we obtain 

|Af|| = |(M^,tor)''| = \MA,to.,B\- (4.4.2) 

Next, we consider the exact sequence 

^ MA.boc M^ M^/tr(M) ^ 
and obtain from Hi [B, M^) = the exact sequence 

^ Hi{B,M^/tTAiM)) ^ MA,hcc.B ^ M^ ^ {M^^ /tr a{M))b ^ 0. 

We claim that the outer terms in that sequence have the same cardinality. To 
save notation, let X = M^/tTA{M). Then 

\Hi{B,X)\ = \H^^,^{B,X)\ = X^/ti-B{X). 

The map tr^ : X X is induced from the map tr^ : M"^ — > AI^, but the latter 
map takes image in M^ = 0. Thus 

\Hi{B,X)\ = = \Xb\ 

as claimed, and we conclude \A'lA,iroc,B\ = |A/j^|. Combining this with (|4. 4.1)1 
and (|4.4.2|l finishes the proof of the lemma, and with it also the proof of the 
theorem. □ 

□ 
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4.5 Central and cocentral characters 

In this Section we want to study how the L-packets we have constructed be- 
have with respect to central and cocentral characters. We begin by giving a 
reformulation of two constructions, originally due to Langlands IBo77[ §10]. 
The first construction assigns to any Langlands parameter Lp : Wp '"G a 
character x-p.z '■ Z{F) — > C^. The second construction assigns to any Lang- 
lands parameter ip^ ■ Wp which factors through Z xi Wp a character 
XiPz,G ■ G{F) — > which is trivial on the image of GsdF) in G{F) (we will 
call such characters cocentral). Here Z is the center of G, and Z is the center 
of G. These constructions are related to the conjectural local Langlands corre- 
spondence as follows: 

• U ip : Wp — !• is a Langlands parameter with corresponding packet Yl^p, 
then the central character of each constituent of is equal to Xv-Z- 

• Moreover, for any ip^ : Wp — > Z xi Wp, one has H^^^^ — Xvz,G ® n^. 

The constructions given in IBo77[ §10], which follow Langlands' original expo- 
sition in IILan88l , proceed by replacing the group G by certain auxiliary groups. 
We are going to give here a reinterpretation of these constructions that avoids 
the use of these auxiliary groups. This considerations are quite general, and 
are valid for any connected reductive group G defined over any local field F 
of characteristic zero. We will adopt this level of generality while giving them. 
Afterwards, we will consider again the case of tamely ramified p-adic groups 
and show that the above conjectural properties hold for our L-packets. 

For now, let by a local field of characteristic zero, and let G by any connected 
reductive group defined over F. The key to our approach lies in the coho- 
mological pairings for complexes of tori of length 2 constructed by Kottwitz 
and Shelstad in IIKS99I §A], as well as the systematic use of the cohomology 
of crossed modules. We refer the reader to the paper IINollI for an exposition 
on the cohomology of crossed modules, with the warning that our notation 
is shifted by 1 from the notation used there, so that ff" in our notation corre- 
sponds to H^^ in the notation of BNolll . This shift ensures that if T — > t/ is a 
map of tori, then its cohomology as a crossed module agrees with its hjrperco- 
homology when viewed as a complex placed in degree and 1, and the latter 
situation is the one studied in [KS99, § A] . 

The crossed modules that we will be using are [G^c G] and [G^c G]. These 
crossed modules are endowed with symmetric braidings: Let g^h e G and 
choose gsc, hgc e Gsc whose images in Gad agree with those of g resp. h. Then 
the symmetric braiding on [Gsc G] is defined by {g,h} :— g'^h'^g^chsc- 
The braiding on [Gsc ^ G] is defined in the same way. The existence of these 
symmetric braidings ensures that H^{F, Gsc — > G) and H^{Wp, Gsc ^ G) are 
abelian groups. 

Proposition 4.5.1. There are canonical isomorphisms 

Homets(^(i^),C^) H^iWp,Gsc ^ G) 

and 

Honicts (ii^'lF, Gsc -^G)X'')=H\Wp,Z). 
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Proof. Let T be a maximal torus of G that is part of a F-invariant splitting. The 
inclusions 

[tc ^ f ] ^ [Z^e -^Z]^ [Gsc ^ G] 

induce isomorphisms on Vl/>-cohomology. According to IKS991 Lemma A. 3. A], 
H'^iWp, Tsc f) is the group of characters of H^{F, T ^ Tad), where T is the 
minimal Levi in the quasi-split inner form of G. This establishes the first iso- 
morphism, since the map [Z — > 1] — > [T — > Tad] provides again an isomorphism 
on F-cohomology. 

The second isomorphism is proved in an analogous fashion. Namely, we have 

Let us consider the natural map from T^^ to the above group. It is known 
IKot84l that this map factors through ttq {T^^ ) . Thus, according to IIKS99I Lemma 
A.3.B], we have a canonical isomorphism 

i?i(W^i.,f ^ fad) = Homcts(i^'(^,Tsc ^ T),C^). 

The second isomorphism in the statement of the proposition now follows from 
the fact that 

%, ^ T] ^ [Z,, -^Z]^ [G,c ^ G] 
induce isomorphisms on F-cohomology □ 

Proposition 14 .5 . l1 relates to Langlands' constructions as follows: The exact se- 
quence of crossed modules 

1 ^ [1 ^ G] ^ [Gsc ^ G] ^ [G,c ^ 1] ^ 1 

induces a map 

H^{WfM) = H'^{Wf,I^G)^ H^{Wf,Gsc G). 
On the other hand, the dual exact sequence 

1 ^ [1 ^ G] ^ [Gsc ^ G] ^ [Gsc ^ 1] ^ 1 
induces a long exact sequence on cohomology 

1 ^ kcr(Gsc ^ G){F) ^ Gsc(F) ^ G{F) ^ HHF,Gsc ^ G) ^ H\F,Gsc). 

Thus we obtain an injection G{F)/GsciF) — > H^{F, Gsc ^ G) which in the p- 
adic case is also bijective due to Kneser's theorem on the vanishing of H^{F, Gsc)- 

Proposition 4.5.2. The maps 

H\Wf,G) ^ H^iWF: Gsc ^ G) ^ Hornets (^(^^), C^) 

and 

H\Wf,Z)= Hornets {H^ {F, Gsc ^ G) , C ^ ) ^ Hornets (G(F)/Gsc (F) , C ^ ) 
coincide with Langlands' constructions. 



41 



Proof. Since the proofs of the two statements are quite similar, we will only 
sketch the second one. First recall the construction of X'Pz,g> following the ex- 
position in ||Bo77| . Choose a 2-extension 

The reader is referred to l|Kot82[ §1] for a review of z-extensions. Recall in 
particular that D is an induced torus and G has a simply-connected derived 
group. On the dual side we obtain the exact sequence 

and the center of G is connected and dual to the torus G/Gsc- Composing ipz 

with the inclusion Z{G) — > Z[G) we obtain an element of H^{Wf , Z{G)), hence 
a character on [G/Gsc] {F), which we can pull back to a character on G{F). One 
checks easily that this character restricts trivially to D{F), and hence provides 
a character on G{F) / D{F) — G{F), where the last equality holds due to the 
cohomological triviality of D. 

The claim now follows from the commutativity of the diagram 

1 1 



H\Wf.Z[G)) Hornets (G(F),C><) 



H\Wf,Z{G)) ^ Hornets (G(F),C><) 

H^{Wf.D) ^ Homets(i^(^^), 

and the exactness of both vertical sequences, as well as the fact that when G 
has a simply-connected derived group, so that we can take G = G, Langlands' 
original construction coincides with the one given here. □ 

We now assume that F is p-adic, G is tamely-ramified, and ip satisfies Condi- 
tions HXll 

Proposition 4.5.3. Let {S,xs,x) he the pair obtained from ip using any choice of 
X-data X. Then 

1- XS,x\z(F) = Xf.Z- 

2. Ifipz G Z^{Wf, Z) and x's x ''^ character on S{F) obtained from ip^ ^ f 
and the same x-data X, then x's,x = Xv.,g\s(f) ® Xs,x- 

Before we go into the proof, we want to remark that the above statements make 
sense. For the first one, the stable class of embeddings 5 — > G provides a 
canonical embedding Z S, which is what is used to define the restriction 
to Z{F). For the second statement, we use again the embeddings 5 ^> G to 
restrict Xv=,G to S{F). This restriction is again independent of the particular 
embedding. 
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Proof. During this proof, we will identify homomorphisms Wp ^ with 1- 
cocycles Wp — > G using the semi-direct product structure on ^G. For the first 
claim, we must show that the images of e H^{WftG) = H'^[Wf, 1 — > G) 
and ips,x G H^{Wf,S) = H^{Wf,1 ^ S) in H^{Wf,Z{Gsc) ^ Z{G)) under 
the following maps coincide: 

H^{Wf. 1 -> S) ^ H\Wf, Ssc ^ S) 



H^iWF,Z{Gsc)^ ZiG)) 



H^Wf, 1 ^ G) ^ H^iWF, Gsc ^ G) 

To that end, recall that ip{w) = ips,x{w) ■ ^x(w), where : Wf -> N{T) is the 
1-cocycle with '"jxis, w) = {s^x{w),w). The key point that makes everything 
work is the fact that ^ y lifts to a 1-cocycle • N{Tsc)- This follows from 

the construction of Langlands-Shelstad. We can find continuous l-cochains 
ci : Wf — >■ 5'sc and C2 : Wf — > Z{G) such that (ps,xi'w) = ci{w) ■ C2{w). 
We have dci e Z(Gsc)), and the elements {dc^^,C2) and {l,(ps,x) of 

//^^(WfjS'sc —5- S") are equal. On the other hand, the element (i9cj"^,C2) of 
H^{Wf,Z{Gsc) Z{G)), when mapped to H^{Wf,ZGscG), is equal to the 
element {dc^^ ■ d{ci ■ ^x),c2 • ci ■ S^x), which, by virtue of d^^ = 1' equals 
(1, ips,x ■ Cx), which is (1, <^). 

The second claim follows from the fact that the map S{F) G{F)/GsciF) is 
dual to the map H^{Wf, Z{G)) H^{Wf, S), as well as the fact that ipg ^ = 

'Pz,G ® ^S.X- 

□ 

5 Stability and endoscopy 

5.1 Stable and s-stable characters of epipelagic L-packets 

Let (f : Wf — > ^G be an epipelagic parameter. For any inner twist ^ : G — > G', 
we constructed in Section \4A\ the i-packet 11^. ^.g'- Moreover, given a Whit- 
taker datum {B, i/jb) for G, we have constructed in Section l43l the compound 
packet H^, which consists of equivalence classes of quadruples (G^, ^h, 5, tt), 
and a bijection 

The map B{G)ha,s which sends a quadruple (G**, ^f,, b, n) to the equiva- 

lence class of b is surjective and its fibers are the sets H^^^^ Qb. Not all of the sets 
n,^,5,G' however occur as fibers of this map. 

For every ^ : G G', we can consider the stable character of the L-packet 
ni(3,5,G'/ which is the function on G'{F) given by 

SQ^.^ = e(G') 
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The quantity e(G") is the Kottwitz sign IIKot83l of G' . 



Moreover, for a triple (G^, ^b, h) and an element s G S^, we can consider the 
s-stable character of the L-packet for (G'', ^b, b), which is the fxmction on G^{F) 
given by 

The sum runs over those characters p G X* {S^) whose restriction to X* {Z{GY) 
corresponds to 6 G B{G)has under the Kottwitz isomorphism ||Kot85[ Prop 5.6]. 
We have 

We will now provide formulas for the functions 5*0;^,^ and 0^ ^ using the work 
of Adler and Spice HAS 101 on character values for supercuspidal representa- 
tions. In order to be able to derive our formulas, we need to assume that the 
residual characteristic of F is large enough. A convenient lower bound is given 
by P > (2 + e)n, where e is the ramification degree oi F/ Qp, and n is the small- 
est dimension of a faithful rational representation of G. Under this assumption, 
DeBacker and Reeder have shown in the appendices to l|DR09i that the follow- 
ing statements hold. 

1. For every inner form G' of G, the exponential map exp : 0'(i^")o+ 
G'(-F")o+ is defined and provides a bijection which is equivariant for the 
adjoint action of G'{F'"-) as well as for the action of Frobenius. 

2. There exists a bilinear form () on q'{F) which is invariant with respect 
to the adjoint action of G'{F) as well as the Galois action, and such that 
for any maximal torus T C G, the element {Ha, Ha) is a unit in F for all 
coroots Ha of T. 

We will denote by log : G'(F")o+ — )• 0'(F")o+ the inverse of exp. Fix a character 
ip : F which is trivial on pi? and non- trivial on Oi?. Let (5, x) be a pair of 

a maximal torus of G' and a character of S{F) satisfying Conditions l2.3.1l Then 
the main result of lASlOII provides the following formula for the character of 

^-sjl)^^^ E X.(7o)i?j(F,)M^,(log(7>o)). (5.1.1) 

geJ{F)\G'iF)/S{F) 

g-^'fogeS{F} 

We need to explain the notation. First 7 = 70 • 7>o is a topological Jordan 
decomposition modulo Z{G)° of 7 |Sp08| . Not every element 7 has such a 
decomposition, but it is part of the character formula that if 7 does not have 
this decomposition, then Ott, (7) = 0. Moreover, since S is tamely ramified, 
so is Z{G)°, and thus the map G'{F\^^o+ ^ [G7Z(G)°](F),.,,o+ is surjective, 
so we can always arrange that 7>o G G'(F)o+, which we will assume. 

Next, the group ,/ is the connected centralizer of 70 in G'. We let Y G s(F) be a 
generic element for which 

Xs{x) = il}{Y,x- 1) 

for all X G S{F)q+. Then Yg = Ad(.g)y, and Xg = Ad(.g)*x. The quantities D{) 
denote the Weyl-discriminants in the corresponding group or Lie-algebras. For 
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example, Dc'{j) denotes the square root of the product of |q;(7) — 1| where a 
runs over all roots of the centralizer of 7 in G', while Dj {Yg ) denotes the square 
root of the product of |(iQ;(yg)| where a runs over all roots of the centralizer of 
Yg in J. Finally, /2y denotes the Fourier-transform of the orbital integral at 
Yg in the Lie-algebra of J. The orbital integral is taken with respect to the 
measure on ,/(F)/Ccnt(yg, J){F) which is the quotient of the measures on the 
two groups normalized as in IIDR09I §5.1]. The Fourier-transform is taken using 
the bi-character on g'{F) given byV'O. 

Before we state our formula, we recall a different normalization of the function 
11, which is used by Waldspurger in IIWal97ll . It is the function 

Ti^iX) = DjiY)DjiX)r4iX). 
Proposition 5.1.1. We have that SQ^,^{^) is equal to 

eiG')\DG' (7) r ' E J'* ■ (70) E ^'(^^' log(7>o)) , 

[3] [k] 

while 9^ ^(7) is equal to 

e(G^)|i?G^(7)r^Ej4x5,-,-ej](7o)E(in^(^0'^-)'^)^^(^^'l°g(^>o))- 

In both sums, [j] runs over the J-stable conjugacy classes ofembeddings 5* — > J whose 
composition with the inclusion J ^ G' (resp. J — > G'') is admissible, and [k] runs 
over the set of J{F)-coniugacy classes inside [j]. 

Proof. We will derive both formulas simultaneously. Consider for a moment 
9^^. Its definition involves a sum over the set {p e X*{S^)\p t-^ b} and the 
map p I— >■ TTp constructed in Section l43l The latter map was constructed from 
a choice of a Whittaker datum {B, iPb), and a choice of an L-embedding : 
^ ^G within the G-conjugacy class specified in Section l42l We make these 
choices. As argued in Section |43l this determines an isomorphism X*{S^p) — > 
B{S), as well as an admissible embedding jo : S ^ G for which is (S, V's)- 
generic. Under the isomorphism X*{S^) — > B{S), the sum over the set {p £ 
X*{S^)\p ^ b} is translated to a sum over {A £ B{S)\X ^ b} where A H- 6 is 
taken under the map B{jo) : B{S) B{G)has- We have a bijection from the set 
of admissible embeddings of S into G** to the set {A G B{S)\\ m> b}, and this 
bijection sends an embedding j : S* — 5- G*" to the element inv(7o,.7)- Moreover, 
if p j under the isomorphism X*{Sip) — s- B{S), then 

p{s) = {mv{jo,j),s). 

We conclude that 

K,b = e(G^)E(inv(jo,j),s)9,^, (5.1.2) 

where the sum runs over the set of G''(F)-conjugacy classes of admissible em- 
beddings j :S^GK 

Now consider SQ^^^^g'- By construction, the set Tlcp,^,G' is in bijection with the 
set of G'(i^)-conjugacy classes of admissible embeddings j : S ^ G' , with j 
mapping to Hj . Thus 

59^,e,G' =e(G')9^^-. 
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We see that the formulas for 6^ ^ and SQ^,^,g' are the same apart from the 
factor {mv{jo, j), s). Because of this, it will be enough to treat the case of 0^ f,, 
the argument for SQ^^^^c being the same except that the factor (inv(jo, j), s) 
can be set to 1 in that case. 

Inserting the Adler-Spice formula I IS.l.ll l into | |5.1.2| |, we see that if 7 e G''{F)^s 
has the topological Jordan decomposition mod Z{G)° given by 7 = 70 • 7>o 
with 7>o G G^{F)o+, then e^^(7) equals 

^ W g&J{F)\G\F)/S{F) 

Here X"* = j*{xs,^j • arid = jY. As [j] traverses the first summation set 
and g traverses the second, the composition Ad{g)j traverses the set of J(-F)- 
conjugacy classes of embeddings fc : S* — !■ J which are G''-stably conjugate to 
Jo- This set can be traversed by first summing over the set [j] of J-stable classes 
of embeddings S* — !> J which are G^-stably conjugate to jo, and then summing 
over the set [k] of J(F)-conjugacy classes of embeddings 5 — > J inside each [7]. 
With this, we obtain that 9^ ^(7) equals 

e{G')^^^Y.^ny{jo^),s)xHjo)Dj{Y'')JlU\og{jyo))- 

'^""'^ m [k] 

To complete the proof, we observe that the term x'"(7o) is constant in k and 
depends only on j. □ 



5.2 Stability and transfer to inner forms 

Theorem 5.2.1. Let ^ : G ^ G' be an inner twist, and let 7 G G{F)^s und 7' G 
G{F)^s be related elements. Then 

^e^,i,G(7) = 5e^,?,G'(7')- 

Proof. Let T a G and T' c G' be the centralizers of 7 and 7'. By assumption, 
we may modify ^ within its equivalence class so that ^ (7) — 7'. Then ^ : T ^ T' 
is an isomorphism defined over F. The element 7 has a topological Jordan 
decomposition modulo Z{G)° if and only if 7' does, and we may assume this 
is the case, for otherwise both sides of the claimed equality are zero. Let us then 
choose such a decomposition 7 = 70 • 7>o with 70 G T{F) and 7>o G r(F)o+ 
andset7o = C(7o) and7i^g = ?(7>o)- Then 7' = 7o-7>o is such a decomposition 
of 7'. Letting J and J' be the connected centralizers of 70 and 7q, the map 
^ descends to an inner twist J — > J'. This inner twist provides a bijection 
between the stable classes of elliptic maximal tori in ,/ and those in J', and 
this bijection restricts to a bijection j <^ j' between the set of J-stable classes 
of embeddings j : S ^ J which are G-admissible when composed with the 
inclusion J ^ G, and the corresponding set for J'. Moreover, if j o j', then 

Applying Proposition 15.1.11 to both G and G', we see that we must show for 
each pair of embeddings j : S ^ J and j' : S ^ J' with j o j' that 

e{G')j'^[xs,^,-eM)J2T''ik'Y,\ogi^U)) 
[fe'l 
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is equal to 

<G)j4xs-j ■ e,](7o)5]^'(fcr,log(7>o)) 
[k] 

The fundamental results of Waldspurger IWal97l , IIWal06L (NgolO | reduce our 
task to showing the equation 

eiG'h^ij'iF), ())j'Jx5,-, • ej'](7o) = e(G)7v(j(i^), ())j*[Xs.-, ' ^Aho)- 
Applying Lemma [3.4. 11 we see that 

On the other hand. Proposition ^. 2.2] shows 



Finally, Lemma 13.6.11 shows 

jjej'ho) ^ TT f{G',j'S}{a) 

ceRis^GuZ Risju^/r fio,jS){a) ' 

and the proof is complete. □ 



5.3 Descent lemmas 



Lemma 5.3.1. Let J be a disconnected linear algebraic group defined over F whose 
connected component J° is reductive and quasi-split. Let 7 e J° (F) be an element 
such that Cciit(7, J) c J°. Then no{J){F) acts simply transitively on theset of those 
J° {Fyconjugacy classes inside the J {Fyconjugacy class of^ which are defined over 
F. Moreover, every such class has an F-point. 

Proof. The first statement is obvious; we turn to the second. Let C = Ad( J(F))7. 
The action of 7ro(J)(F) on C/Ad(J°(F)) factors through the map 7ro(J) 
Out (J). Fix an F-splitting of the quasi-split group J° provides a F-equivariant 
section Out( J°) — > Aut( J°) of the natural projection. Hence we obtain 

/ : 7ro(J)(F) ^ Out(J°)(F) ^ Aut(J°)(F). 

For X e 7ro(J)(F), the element f{x)j is an F-point in the J°-class Ad(a; ■ J°)-f. 

□ 



We now let J be a connected reductive group defined over F. We assume 
that for each 7 e J(F)].s, we have fixed a decomposition 7 = 70 • Ji, with 
7o, 71 G T, where T = Cent(7, J)°. We moreover assume that for any admissi- 
ble isomorphism / : T -> T' of maximal tori of J, the decomposition of 7(7) is 
/(70) • fill)- 

We are now going to establish two lemmas dealing with descent to the central- 
izer of 70, where 70 is the 0-part in the decomposition 7 = 70 • 71 of a strongly 
regular semi-simple element. The first lemma provides a comparison between 
stable conjugacy in J and stable conjugacy in J^g . 
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Lemma 5.3.2. Assume that J is quasi-split. The map 

p : J{F)s,/st J{F)ss/st, 7 ^ 70 

is well defined. Every stable class in the image of this map contains a point y e J{F)ss 
for which Jy is quasi-split. Moreover, 

Py : Jy{F)i/st ^ p^^{[y]), z^zy 

is a surjection, where the subscript 1 denotes all those elements 71 such that j/71 is 
strongly-regular semi-simple and has the decomposition y • 71. Finally, the fibers ofpy 
are torsors under ■KQ{Hy){F). 

Proof. For the first claim, we need to show that the map ./(F)is — > J{F)ss given 
by sending 7 to 70 respects stable conjugacy. If 7 and 7' are stably-conjugate, 
say by g G J{F), then Ad{g) : -> T^i is an isomorphism defined over F 
between the centralizers of 7 and 7'. Being admissible, it carries 70 to 79, and 
hence exhibits these two elements as stably conjugate. 

Now let y e J{F)ss be an element whose stable class belongs to the image of 
p. According to l|Kot82[ Lemma 3.3], we may choose y within its stable class 
so that Jy is quasi-split. To prove the surjectivity of Py, let 7 € J{F) be such 
that 7o is stably-conjugate to y, and let g E J{F) be an element which stably- 
conjugates 70 to y. Then Ad{g) : J-y^ — > .Jy is an inner twist. The centralizer Tj 
is a maximal torus in J^^ and contains 71. Since Jy is quasi-split, there exists 
h € Jy such that T' := Ad{hg)T-y is a maximal torus of Jy defined over F, and 
k<l{hg) -.T^^V is defined over F. Then 7' Ad(/ig)7 belongs to Jy{F) and 
has the decomposition ■y' = y ■ 7(, where j[ ~ Ad{hg)ji. We see that py{-f[) is 
stably conjugate to 7, and this proves the surjectivity ot Py. 

To prove the statement about the fibers of Py, let 71, 7^ G Jy{F)sr.i and assume 
that that 7/71 and yj[ are stably conjugate, say by g E J{F). Our assumptions 
on the decomposition imply then that g G jy{F). We conclude that the fiber of 
Py through 71 is the set of i^-points of Ad( ■ The statement now follows 

from Lemma [5. 3. II □ 

The second descent lemma will deal with the notion of transfer of elements 
from an endoscopic group H to J. If 70 G J{F) and y G H{F) are such that y 
transfers to 70 and Hy is quasi-split, then Langlands and Shelstad show IILS90I 
that Hy can be realized as an endoscopic group of . In order to do that, one 
needs to fix an isomorphism from a maximal torus in Hy to a maximal torus in 
Jjg which is admissible when considered as an isomorphism from a maximal 
torus of i7 to a maximal torus of J. Conjugating this isomorphism by elements 
of Hy or Jjg has no effect on the way Hy behaves as an endoscopic group of 
Jjg. We will write '^{Hy, J^^) for the set of such isomorphisms of tori which 
send y to 70, taken up to conjugation by elements of Hy and J^^ . 

Lemma 5.3.3. Let H be an endoscopic group of J and S a torus defined over F. Let 
j : S ^ J and : S H be embeddings of S as an elliptic maximal torus of J and 
H, and let 7 G J{F)^s such that 70 G jS{F). Consider the set of triples 

{(y,e.,jf)} 

where y runs over a fixed set of representatives Y for the stable classes of preimages 
of Jo, chosen so that Hy is quasi-split, ^y runs over E{Hy, J^^), and jy runs over 
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the Hy-stable classes of embeddings S ^ Hy whose composition with the natural 
inclusion Hy H is stably conjugate to j^. Consider also the set 

of Jjg-stable classes of embeddings whose composition with the inclusion j^^ — s- J is 
stably conjugate to j. Then we claim that the map 

given by transfer of stable classes of tori from Hy to J^^ is surjective and its fiber 
through a triple {y, ^y,jy) is a torsor under 7ro(i?^)(F). 

Proof. The map q is well defined - given a triple {y, £,y,jy), we may transfer 
the stable class of the maximal torus jy S of Hy to the quasi-split form of J-y„. 
Since S is elliptic for J, it is also elliptic for the quasi-split form of J^^, and 
hence transfers further to J~^g itself. Furthermore it is clear that q is 7ro(_ff^)(F)- 
invariant. 

For surjectivity, we start with . Then y' ~ o j^^^ (70 ) e H{F) is a preimage 
of 7o G J{F)- There exists a unique element y & Y which is stably-conjugate 
to y', say hy h £ H. Then Ad{h) : Hyi — > Hy is an inner twist and there exists 
h' e Hy such that := M{h'h) o : S ^ Hy is defined over F. Finally, take 

For injectivity, let {y,£.yjjy) arid {y' ^(.y' ^jp) be two triples giving rise to the 
same J-y^ -stable class of embeddings j^g : S — > J^„. Then we can choose £_y and 
^j^' within their equivalence classes in such a way that 

Cy o jy = iio = Cy' ° jy' ■ 

Setting s = j^^ijo), this shows that y = jy (s) and y' = jy,{s). But the embed- 
dings jy and jy, are iJ-stably conjugate, while y,y' G Y. This forces y = y'. 
From this we see that j^ and j^, are conjugate under Hy{F), and the same 
element of H^ conjugating these embeddings must then also conjugate ^y to 
in order to maintain the relationship with jj„ . The result now follows from 
Lemma 15.3.11 

□ 



5.4 Endoscopic transfer 

We now fix an endoscopic datum {H, s,TL,^ri) for G. To ease notation, we will 
assume that there exists an L-isomorphism H ^ ^H. The general case can 
easily be reduced to this - one has to replace G by a z-extension as in ILS87[ 
§4]. Thus we may replace Hhy ^H and assume that is an L-embedding 
^H — > ^G. We further assume that this L-embedding is tamely ramified. Fix 
a Whittaker datum W = {B,iPb) for G. Then, for each extended pure inner 
twist b) : G ^ G'^ we have IIKalllai §2] the Whittaker normalization of the 
transfer factor 

Aw,b ■■ HiF)G-s. X G\F)sr ^ C. 

We emphasize that this is the normalization which, on the group G, coincides 
with the factor defined in IKS12I . Let tp" : Wp ^ ^H be a Langlands 
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parameter and assume that its composition Lp : Wp ^ with ^77 is epipelagic. 
Then ip^ is itself epipelagic. Thus we have the L-packets i jj on H{F) and 
on G'^{F). Our goal is to show that for all 7^ e G^{F)sr the endoscopic 
character identity holds. 

Theorem 5.4.1. 



We will use the formulas from Proposition 15.1.1] and for this we need to fix 
topological Jordan decompositions mod Z{G)° for the elements involved. First, 
fix a topological Jordan decomposition 7^ = 7o • 7>o which is such that 7^,0 G 
T^b(F)o+. As remarked in Section |5l2l this is possible. We endow all stable 
conjugates of 7^ with the induced decompositions. Moreover, for every stable 
class in H which transfers to the stable class of 7'', we fix a representative 7^ 
and an admissible isomorphism / : T^h — > T^b and endow 7^ with the decom- 
position of 7^* transported over /. This fixes corresponding decompositions on 
all elements of H{F) which transfer to 7''. 

Before we set out to prove this identity, we need to recall the results of Lang- 
lands and Shelstad IILS90I on descent for transfer factors. For this, fix an ele- 
ment 7^ e H{F) which transfers to 7**. We may modify 7^ within its stable 
class to assume that H^h is quasi-split. Let / : T^h T^b be an admissi- 
ble isomorphism sending 7^ to 7*". Then Langlands and Shelstad show how 
to produce from {H.s.'H.^'q) an endoscopic datum {H^h , s,H' ,^rj') for G^,,. 

The isomorphism class of this endoscopic datum depends only on the class 
^ e S(i?^H,G^6) of /. We cannot expect however that H' is an L-group of 

H^H and thus we have to take an extension H^h of H^h and an L-embedding 

^fj : H ^ ^H^H. We again assume that ^iy is tamely ramified. This data pro- 
vides a canonical relative transfer factor 

H^h{FU- X H^h{FU- X G^.(G),, X g!;.(g),, ^ c 

and hence a family of absolute transfer factors 

%H{F),,xG''^b{G),,^C, 

which is a torsor under acting by multiplication. The main theorem of 
ILS90I then asserts that one of these transfer factors, which we will denote by 
^w^b^' satisfies 

^mSA'fo ■ 7o • - Av^,,(7o^ • ^, 7o • 

for all z E H^H (F)sr and e Gj^^ (G)sr which are sufficiently close to 7,^ and 

7o, where '^q G H^h{F) is a fixed lift of . In the course of our proof, we 
will work with a version of the transfer factors which is missing the term A/y. 
In order to avoid confusion, we will denote these transfer factors by A. The 
work of Langlands and Shelstad applies equally well to these transfer factors 

We would like to know that this statement also holds when z and z^ are any 
strongly-regular semi-simple topologically unipotent elements. This follows 
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from the work of Hales lHal93l , which, even though originally written for im- 
ramified groups and compact elements, applies equally well in our setting, as 
we will now review 

Lemma 5.4.2. Let G be a tamely ramified connected reductive group defined over F, 
{H, s, ^jf) a tamely ramified extended endoscopic triple. Let 7 6 G{F) be a strongly- 
regtdar semi-simple element and 7 = 70 • 7>o a commuting decomposition with 70 
topologically semi-simple modulo Z{G)° and 7>o topologically unipotent. Fix a power 
Q of p for which q;(7o)'^ = a(7o)/or all roots a of the centralizer of^. Then, for any 
absolute transfer factor A and element 7^ g H{F) which transfers to 7 and has the 
compatible decomposition 7^ = 7^ • 7^q, we have 

A(7o^•[7^^o]^^^7o•7^^) = A(7^,7). 



Proof. Let us first compare K{[^h]'^'^'' , 7*^^*^ ) with A(7^f , 7). One sees immedi- 
ately that the factors A/ and A///j are equal for both pairs ([7//]'^^'^ , 7'^^'^) and 
ilHil), as they only depend on the tori C H and T C G containing the 
elements 7^ and 7, as well as the isomorphism — > T mapping 7^ to 7, and 
this data remains unaffected when we replace the elements by their powers. It 
remains to examine the factors A// and Am^ . The factor A// is again the same 
for both pairs of elements, due to l|Hal93i Corollary 10.3], whose argument re- 
mains valid in our setting. The factor Ajjj^ however is different. It is a tamely 
ramified character of the centralizer of 7 in G whose restriction to Z{G){F) is 
equal to a character Xq that depends only on G. This is the content of ILS90[ 
§3.5]. Thus the character defining A///^ is trivial on any power of 7>o. More- 

over its values at 7q and 70 differ by its value at 7q , but this element is 
killed by all roots and hence is central. Thus we see 

Since all the other components of the transfer factor were equal at the two pairs 

{[ih]'^^'' ,1'^^'^) and (7^,7), we conclude that 

A(M'^",7'^") - Ag(7o'^"-') • MlH,l). 
The statement now follows from a second application of ILS90[ §3.5]. □ 



Proof of Theorem [5.4.1\ Consider the right hand side of the claimed equality. If 
the element 7^ does not transfer to 7**, the corresponding summand is zero. 
For any element 7^ which does transfer to 7*", we have fixed a decomposition 
7^ — lo ' 7>o- Let y be a set of representatives for the stable classes of the 
elements 7,^^ obtained in this way, with the property that for each y eY, Hy is 
quasi-split. Applying Lemma [5.3.21 we can write said right hand side as 

Applying Lemma [5.4.21 we can rewrite this as 

^ \MHy)iF)r E AH.,,(yzQ^\7o^(7^o)0^^)|^5e,«(yz). 
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Taking k large enough, we can apply the Langlands-Shelstad descend theorem 
ILS90[ Theorem 1.6] and conclude that the above term equals to 

Recall that ^ was an element of 3{H^h , G^^). This is the unique element of 

that set for which the pair of elements in A^''^'^^ is related. Thus the above 
expression is equal to 

yeY f z(EHyiF)i/st ' 

where f now rims over the set EiH^H , G^'t). The sum over z can be extended 
to Hy{F)si/st, since for elements outside of Hy{F)i the transfer factor will be 
zero. 

Applying Proposition 15 . 1 . II to SQ^h, see that the above expression becomes 

E ^* [xs,-,- • ^,-]iy) E C""^^ 

[fc«] 

We recall that [j^] runs over the set of i?y-stable classes of embeddings S ^ Hy 
whose composition with Hy — ^ iJ is admissible, while [k^] runs over the set of 
-ffy(F)-conjugacy classes inside of each [j^]. 

Applying |LS90l Lemma 3.5.A] to the factor A^"^'^^ and rearranging sums, the 
above expression becomes 

D'^'ii'r' E ko(i?^)(F)riEE^'*''[xs>^.- •^.-](2/)s^.T,c(7o') 

E A^^.T,, izQ"' , ) E ik"Y, log(.)), (5.4.1) 

z£Hy{F%Jst [k"] 

where we have denoted by S^^^^^^ the character of Z{G^^b^ ) {F) which Langlands 
and Shelstad call Xq- After potentially increasing k, we have 

A^^:i^,,(z«^\ (7^0)^^^) = At^^^,,^(log(zQ^^'),log((7to)Q^^)), 

where the factor on the right is the Lie-algebra transfer factor normalized com- 
patibly with the one on the left. With this, l|5. 4.111 becomes 

E ^%^^{Q^^Z,Q^'^\og{-ii,))Y,t-'"[k"Y,Z). (5.4.2) 

Z6ll„(-F)rs/St [kH] 



The factors Q^^ can now be removed, as the Lie-algebra transfer factor is invari- 
ant imder multiplication by squares from F^ . Let j : 5* -> Gj^^ be the image of 
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a triple {y, ^, j^) in the above summation set under the map q of Lemma E.3.31 
Waldspurger's fundamental result IWal95[ Thm. 1.2] combined with IIWal97l 
and I NgolOj implies that 



is equal to 



[fe] 

where the sum runs over the set of G'^t, (F)-conjugacy classes of embeddings 
in the G^^ -stable class of j. This, combined with the statement of Lemma [5.3.3l 
shows that | |5.4.2| | is equal to 



We now compare this expression with the left hand side of the equality claimed 
in Theorem l5.4.1l Applying Proposition 15 . 1 . 1 1 to j,, we see that it is equal to 

b1 [fc] 

Thus, in order to prove Theorem l5.4.11 we need to show the following equality 
for each embedding j : S* — > G'^,, whose composition with the inclusion G'^^t, — ^ 

G'' is admissible. 



(5.4.3) 



e(G^).7*[Xs,-C'i • ej](7o)(inv60o, j).'?) 



Recall here that the triple (y, ^, j^) is related to j via the map q of Lemma l5.3.3l 

As a first step, we undo the descent of the transfer factor. Choosing an element 
z e F ^ close to zero, we have 

= ^wli {iD^wli (exp(z2j^y ) , exp(z2jy)) 

= Kw,b{yeMz''3"Y), eM^'^jy)) 

= AH/,i(yexp(z2j^r),7oexp(z2joi^))(iiivOo,j),s), 



where 70 = joj ^(7o)- With this, we see that Equation l5.4.3l becomes 



Aiv,i(2/exp(z J r),7oexp(z joY)) -f- = e{G )— — -. 



(5.4.4) 
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We now need to go into the structure of Avi/a- We can choose an i^-spitting 
spl = {T,B, {Xa}) so that the Whittaker datum W comes from spl and the ad- 
ditive character : F ^ which we fixed in Section ISTT] The centrahzers in 
H and G of the arguments of the transfer factor are S and jo S, and jo U^)^^ 
is an admissible isomorphism between them carrying the first argument of the 
transfer factor to the second. We also need to choose a-data and x-data, which 
for now we take arbitrary. Then 

^w,i - EL iX* (r)c - X* (r^)c, ^) A, [spl, a]Aii [a, x] A,„, [x] . 

The reason that Am^ is missing lies in our choice of jo ( j ^ ) ~ ^ as the admissible 
isomorphism. The element A/ does not depend on the elements y cxp{z^j^Y) 
and 7o cxp(z^joF) directly, but rather only on the tori containing them, which 
as we remarked are S and jo5. Moreover, these are also the tori centralizing 
the regular elements j^Y and joY. It follows that 

A/[spl,a](ycxp(z2j^y),-^ocxp(z2joy)) = A/[spl, a](j^y, joF), 

with the right hand side as in |Kot99| . The main result of this article shows that 
if sp\i is a splitting whose Kostant section meets the rational class of joY and if 
as a-data we take {da{joY)\a G R{joS, G)}, then 

Ai[sp\,,a]{j"Y,joY) = l. 

On the other hand, recall from Proposition 12.3.71 that jol^ meets the Kostant 
section associated to the regular nilpotent element E- in the Lie-algebra of the 
unipotent radical of the T-opposite Borel subgroup of B, which is specified by 
the equation 

^BieMX))=i'{X,E^) 

for all X in the Lie-algebra of the unipotent radical of B. A straight-forward 
computation shows that 

E_ ~ {Xa,X_a)~^X_a, 

where [Xa,X-a] = Ha- In other words, we have spl;^ = {{Xa,X^a)Xa}. 
Using IIKall2[ Lemma 4.2], we then see that 

Ai[sp\,a]{yexp{z^j"Y),-foexp{z'^joY)) = 1, 

provided we take as a-data for R{joS, G) the expression 

aa = {Xa,X^ay^da{jQY). 

Turning to Aju^ , the construction in ILS87[ §3.5] shows that if we take as x- 
data the one specified in Section l42l then 



AuH (y exp{z'r r), 70 exp(z" joF)) 



j"[Xs,^j»]iyexp{z^j"Y)) ■ 

3*lXs i,](7o) 



Choosing z small enough the right hand side becomes equal to ^h^^ l h](v) ' 
Taking all this into account, equation ( |5.4.4t becomes 



CL [X* (r)c - X* {T")c , ^f-^^Aii [a, x] iv exp{z^j"Y), 70 exp{z^joY)) 

(5.4.5) 
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At this point, the a-data and x-data are specified, and we may compute the 
term A//. Recall that it is defined as the product over all roots a G R{S, G) \ 
R{S, H) of the expressions 

joa(7oexp(z2joi^)) - 1 



We have chosen Xa — ^ for asymmetric roots a, so we only need to compute 
the above expression for symmetric roots. To ease notation, we will identify S 
with jqS via jo and suppress jo from the notation. 

If q;(7o) = 1, then we have 

^. ^ a(exp(z^y)) - 1 ^ 

and since Xa has order 2 when restricted to F ^ , we see that for z small enough 

'a(7oexp(2;2y)) - 



If on the other hand a (70) 7^ 1/ then 

lim a(7o exp(z^F)) - 1 = 0(70) - 1, 

z— >0 

and thus for z small enough we have 

'a(7oexp(z2y)) _ i\ /(a(7o) - 



da{Y) 



The element 0(70) — 1 is a unit in F^, because q:(7o) is topologically semi- 
simple. The element {Xa^Xa) is a unit in F±a by choice of (). On the other 
hand, Y is generic of depth — 1/e, and hence da{Y)~^ is a uniformizer of . 
All in all, we see that the argument of Xa is a uniformizer, which we will call u 
for short. 

We now recall the construction of Xa from Section l4!2l If a is inertially asym- 
metric, then Xa is the unramified character sending each uniformizer of F^ to 
— 1, and we see 

= -1 = Xp^/F^^ip otYp^^/F)■ 
l^ a is inertially symmetric, then we have 

= AF„/_F±„(Ci;)- 

Recalling the definition of ^a.ui ■ kp^ — > C^, we see that for x e kp^, we have 



^a,u{x) = XS,^3{XF„/F{a {I + UJx))) 

= ^{Tvpjp{a''{ux)),Y) 

= V'Trf^^/j?(Q;^(wx),y) 

= 'iljTrp^/p{uJx ■ {Ha,Y)) 

= il)Trp^/p{ujx ■ da{Y) ■ {X^.X^a)) 

= ^Trpjp{x ■ (a(7o) - 1) • 
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The element a (70) of Fa is topologically semi-simple and lies in the kernel of 
the norm to F±a. Since Fa/F±a is ramified, the only such elements are 1 and 
— 1. Being non-trivial, we see that a(7o) = —1, and we obtain 

from which we conclude that, just like in the inertially asymmetric case, we 
have 

Combining these results we see 

q(7o) = 1 0(70)5^1 

where in both products a rims over a set of representatives for the symmetric 
orbits of r in R{S, G) - R{S, H). 

Returning to the proof of equation | |5.4.5l l, we see that combining the above ex- 
pression for A// with Lemma [3.4.11 Corollary l3.4.2[ and Corollary l3.5.21 shows 
that l|5.4.51 is equivalent to 

n hH,j»s){a) n /(G,,o5)e(G7Je(G!;0=e(G^)^^^. (5.4.6) 

H-Hy G-G-,^ ■'* '':i"^^> 

Here the symbol iJ — iJ^ denotes the set of symmetric F-orbits of roots of S* in 
outside of Hy, and the symbol G — G~f„ has the analogous meaning. According 
to Lemma [3 .6. II and Proposition l3.2.2l we have 

J*e,ho) = [joUM ■ e(G)e(G^)e(G^Je(G^.). 

Thus Equation (|5. 4.61 1 becomes 

n n t^tS^- (^■4-7) 

H-Hy G-G-,„ ^* ^l"^y' 

That this last equation holds is implied by Lemma 13.6.11 □ 

6 EPIPELAGIC i-PACKETS FOR GL„ 

In this section we will show that the construction of epipelagic L-packets de- 
scribed in Section m specializes in the case of the group GL„ to the local Lang- 
lands correspondence established by Harris-Taylor and Henniart. We put G = 
GL„ and then G = GL„(C). Since Wp acts trivially on G, we will use G in- 
stead of the L-group G x Wp and will regards Langlands parameters simply 
as G-conjugacy classes of admissible homomorphisms Wf G. In order for 
epipelagic parameters to exist, we must assume that p\ n. 

We will use the explicit description of the local Langlands correspondence for 
GL„ when p\n derived by Bushnell and Henniart in IIBH05al rBH05bl . Central 
to this description is the notion of an admissible pair of degree n, which is a 
pair {E/F,£^) consisting of a tamely-ramified extension E/F of degree n, and a 
character ^ : E^ , subject to certain conditions. From an admissible pair, 

one can construct an irreducible n-dimensional representation ai^E/F,^) of Wf, 
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and an irreducible supercuspidal representation tt(^e/f,^) of GL„(F). The first 
one is obtained by taking a := Ind^^^. For the second one, there is an explicit 
construction, described in IBHOSal §2], which uses the work of Bushnell and 
Kutzko IIBK93I on the classification of irreducible representations of GL„{F). 
The following is one of the main results of IBHOSal fBHOSbl : 

Theorem 6.0.3 (Bushnell-Henniart). Assume that E/F is totally ramified. Under 
the local Langlands correspondence, the representation (T(£/ corresponds to the rep- 
resentation ir^E/F.^-fi^), where p.^ : — !> is a character which is explicitly given 
byiBH05MThm.2.1]. 

The character p^ is called the rectifying character of the admissible pair {E/F,£). 

The construction of this paper associates to a Langlands parameter Lp : Wp 
G satisfying Conditions 14.1.11 a triple {S,xs-, [j]) where 5 is a tamely ramified 
F-torus, [j] is a stable class of embeddings of 5 as a maximal torus of G, and 
Xs ■■ S{F) -> is a character on S{F) well-defined up to n{S,G){F). In 
the situation of G = GL„, the set [j] consists of a single G(F)-conjugacy class. 
Thus, we have in fact a pair (5*, xs) where 5 c G is a maximal torus and xs 
is a character of S{F). This pair is well-defined up to G(F)-conjugacy. The 
representation of G{F) associated to f is then the one obtained from the pair 
{S, Xs ■ ^f) using the construction of Section l23l Here ej : S{F) — > is the 
character built from the toral invariant of S in Section 13.61 In fact, as we will 
show, it is a special feature of GL„ that all toral invariants are trivial. Thus, we 
may from now on ignore ej. 

The comparison of the construction given in this paper with the local Lang- 
lands correspondence for GL„ will proceed in the following way. Given a pa- 
rameter ip : Wp — > G satisfying C onditions 14.1.11 let {E/F, £_) be an admissible 
pair such that (p = Ind^^f, and let (S*, xs) is the pair constructed from p. The 
main point is to show that there exists an isomorphism S{F) = E^ which 
identifies xs with ^ ■ p^. This will be shown by first obtaining in Section [01 
a Langlands parameter p^ : Wp — > S for the character ^ of E^ = S{F), then 
computing the character xs • C~ ^ by examining its parameter ips-p^^ in Section 
16.21 and finally comparing in Section |6l3l the result of this computation with the 
formula for the rectifying character given in [BH05b|. 

Once this is complete, we will further show in Section [Ml that the representa- 
tion of G{F) obtained from the pair {E/F, xs) using the construction of BBHOSai 
§2] is isomorphic to the one obtained from {S, xs) using the construction of 
Section lZ3l 



6.1 From epipelagic parameters to admissible pairs 

We are going to establish some notation which will be used subsequently and 
then show how the construction in 14. II leads to admissible pairs in the sense of 
iBHOSallBHOSbl . 

Let T be the standard (i.e. diagonal) maximal torus in G. We label its coor- 
dinates by elements of Z/nZ, the top left coordinate being 0, and the bottom 
right n — 1. This labeling provides bijections from Z/riZ to the standard bases 
of X*{T) and X^{T), and further identifies n{f) with the group Bij(Z/nZ) of 
bijections of the set Z/nZ. 
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Let Lp : Wp — > G be a Langlands parameter satisfying Conditions 14.1.11 Con- 
jugating by G if necessary we may assume that Ccnt{ip{Pp), G) is the standard 
torus T. This impHes that im((y5) C N{T). The image of the composition 

Wf N{f) n{f). 

is the Galois group of a finite Galois extension K/ F. Let us study this group. 

Let F be the maximal unramified sub-extension. The assumptions on Lp imply 
that the extension K/ F is tamely ramified and its Galois group is generated 
by a Coxeter element, i.e. it is cyclic of order n. We choose a generator s S 
Gal(i^/F). Since all Coxeter elements in Vl{T) are conjugate, we can further 
assume after conjugating ip under N{T) that s is the element +1 G Bij(Z/nZ). 

We claim that the subgroup (s) C F^/^ has a complement. Let Q' G Ga\{K/F) 
be a Frobenius element. We have Q'sQ'^^ = s'. Let Q e Bij(Z/nZ) be the 
element -q. It also has the property QsQ^^ = s'^. Thus Q differs from Q' by 
an element of Cent(s, ri(T)) = (s), and this shows that Q G F^/f- Since the 
subgroups (+1) and {-q) of Bij(Z/nZ) have trivial intersection, we see that 

Tk/f = (s) X {Q) 

as claimed. We let E = K'^. Observe that the extensions K/E and F/F are 
both unramified of equal degree, namely 

/ = ord(g,(Z/nZ)'<). 

Thus we have the diagram 



K 




F 

The extension E/F is the only extension of the three that is in general not nor- 
mal. 

Write S for the Galois-module obtained from T by twisting via ip, and let S be 
the F-torus whose dual is S. Since X*{S) is a permutation Vl/V-niodule and the 
stabilizer of xo £ X*{S), the basis element corresponding to G Z/71Z, is We, 
we have 

S = IndZ'^^C'' and hence S = RcsE/pG^m- 
We consider the map 

strip : N{f) N{f) 

which is the composition of the natural projection N{T) — > n{T) with the stan- 
dard injection — > N{T) given by sending an element of 0(T) = Sn to the 
corresponding permutation matrix. One checks that the map 

ip^ : Wp S, w 1-^ fiw) ■ strip(iy9(z/;))~"'" 
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belongs to Z^{Wf, S) and hence provides a character ^ : S{F) — > C^. Via the 
isomorphism S{F) = we may view this as a character on , and hence 
also as a character on We ■ This character is nothing more then the image of ip^ 
xmder the isomorphism H^WpMdwlC'') = i^^(VKiJ, C^). 

Lemma 6.1.1. The Wp-representations tp and IndJJJ^^ are isomorphic. 

Proof. This is a straightforward computation. □ 

According to Fact l6.4.2l and Lemma r6.1.1l our task is now to compare the charac- 
ter xs obtained from (p via factoring through the embedding ^jx constructed 
by means of x-data (where the x-data is chosen according to Section l4!2l l, with 
the product ^ • /i^, where ii^ : E^ ^ is the rectifying character constructed 
in ||BH05a[[BH05bL associated to the admissible pair (E/F, ^) . 

6.2 Computation of xs ■ 

Recall that the parameter ips for the character xs is given hy (p = ^ jx ° 'Ps- If 
we write ^jx{s,w) = s ■ ^x(w), then this translates to ips{w) ■ ^x(w) = </?(w)- 
We conclude that the parameter for • xs is given by 

strip((^(w)) • ifiw)'^ ■ p){w) ■ ix{w)~^ = strip((/j(w)) • S^x{w)~^ . 

As remarked in the previous section, under the isomorphism S{F) ^ E^ the 
character ■ xs is given by the image of the above parameter under the 
Shapiro isomorphism H^{Wf,S) = H^{We,'C^). This isomorphism is ob- 
tained on the level of cochains by restriction to We followed by composition 
with xo G X*{S). In other words, we have for w G We 

XS •r'(Art(u;)) = xo{stripMw)) ■ ^xiw)"'). (6.2.1) 

Let (T, 13, {Xqv }) be the standard splitting of G. That is, 13 is the set of upper 
triangular matrices, and {X^^} consists of the matrices in g(„(C) all of whose 
entries are zero except for a unique non-zero entry in the upper off-diagonal. 
Then we have 

S,x{w) = rB^x{w)n{au,), (6.2.2) 

where cr^, e ^{T) is the projection of p{w), tb.x '■ Wp ^ T is a certain 1-chain, 
and n((T^) e N{T) is a certain lift of aw, both of which are constructed in ILS87[ 
§2]. 

Proposition 6.2.1. For any a e R{S, G), write a > if a e R{S, B), and let 
= j/q, be the unique expression of a in terms of the standard basis of X^,{S). 
Then for any w £ Wp the following equality holds 

strip((^(w)) • n((Tu,)"^ = ]^ ya(-l)- 

Q>0 

In particular 

Xo(strip(<^(w)) • n((T^)"^) = 1. 
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Proof. The proof of the first statement proceeds by induction on the length of a 
reduced expression of a.^ in terms of B-simple reflections. If the length is 1, the 
statement is immediate. The general case follows from IIBoui VI.§l.no 6. Cor 2] 
and the fact that a m> i/q is fi(r)-equivariant. 

The second statement follows from the fact that xoiVa) — 1 for all a > 0. □ 

Equations | |6.2.1| | and 1 16.2. 2| | and Proposition 16.2.11 imply 

• Xs(Art(u;)) = Xolr-s.^M"') (6.2.3) 

for all w G We, and we turn to computing rB.x- To lighten the notation, we 
will write F instead of T^/p for the Galois group of the finite extension K/F. 
Using the bijections between Z/nZ and the standard bases of X*{T) and X« (T) 
established in the previous section, the set R{T, G) is identified with the com- 
plement of the diagonal in TLjnL x ZjnL. Recall that S is the Galois module 
whose imderlying abelian group is T and whose Galois-structure is given by 
ip. Thus the set R{S^ G) is also identified with the complement of the diagonal 
in Z/nZxZ/nZ, but it has a twisted action of r = (s)x(Q). We write Z/riZt for 
the set Z/nL — {0}. The group {Q) acts on Z/nZ'l' with Q being multiplication 
by q. The group (±1) acts on both sides by multiplication. The injection 

77 : Z/nZ^ ^ R(S, G), z ^ (0, z) (6.2.4) 

is (Q) X (±l)-equivariant and its image is a cross-section for the set of (.s)-orbits 
in R{S, G). In particular, it induces a bijection between the set of orbits of {Q) 
on ZjnZ^ and the set of orbits of (s) x (Q) on R(S,G), which restricts to a 
bijection between the symmetric orbits on both sides (recall that the symmetric 
orbits are the ones preserved by (±1)). 

When n is even, there is a unique inertially symmetric orbit in R{S, G) (recall 
this notion from Section l4!2l l, namely the one containing the element (0, n/2). 
It corresponds to the unique symmetric orbit in Zjnl} which is a singleton. 
When n is odd, there is no inertially symmetric orbit in G) and no single- 
ton symmetric orbit in Z/riZ^. 

Let S c Zjnl} be a set of representatives for the orbits of (Q) x (±1). Then we 
have 

TB.xiw) = r_B^x,a(w). (6.2.5) 

We will now describe rB^x.a, for a given a e S. Let r^(„) be the subgroup of F 
stabilizing 77(a), and let Y±,^(a) be the subgroup stabilizing the set {??(«), -r?(a)}. 
We have the following cases: 

1. If the orbit of a is not symmetric, and (Q™) is the stabilizer of a in (Q), 
then 

A set of representatives Fj-j^jq) for F/F_j_^(a) is given by 
r±r,(a) = {s''Q*|fc e Z/?7Z,0 < t < m}. 



60 



2. If the orbit of a is symmetric but not a singleton, and (Q™) is the stabilizer 
of the set {a, —a} in {Q), then 

r^(a) = (Q'") and r±^(,) = 

A set of representatives r±r((a) for r/r-|-,,(a) is given by 

r±r,(a) = {s^-'C'Ifc e Z/nZ,0 < < < m}. 

3. If 2|nanda = f , then 

r,,(a) = (Q) and r±^(<,) = (s7) X (Q). 
A set of representatives r±r)(a) for r/r-|-,,((i) is given by 



r±^(a)-{s'1o<fc<|}. 



The assignment 

P(^±v{a) ■ V{a)) = 1 

provides a gauge p : F • {±7;(a)} {±1} on the F x {±l}-orbit of 77(a). We 
have 

rB,xA'^) = SB/p,a{'^w) ■ rp,x,a{w), (6.2.6) 

where the first term is constructed in lLS87i §2.4], and the second term in 1LS87[ 
§2.5]. Since the image of We in Tj^/p is generated by Q, it will be enough to 
compute the value of xo{sb /pi')) Q- 



Lemma 6.2.2. We have 

Xo{sB/p,a{Q)) = 



— 1 , if (Q) ■ a is symmetric and not singleton 
1 , else 



Proof. Recall that SB/p.a(o') is equal to the product of A(-l), where A e X^{S) 
belongs to the F-orbit of r/(a) and satisfies one of the two following conditions 

{A > 0,a-^X < 0,p(A) = l,p(cr"^A) = 1} 

{A > 0,a-'^X > 0,p(A) = -l,p((T"U) = 1}. 

The elements A > in the F-orbit of 7]{a) which pair non-trivially with xo are 
precisely the ((5)-orbit of 77(a). They never meet the first condition, because 
they fail Q~^X < 0. We consider the second condition. If the orbit is symmetric 
and singleton, then A > <^=> p{X) = 1. If the orbit is asymmetric, then F 
preserves p. In either case, we see that no A meets the second condition. 

If the orbit of a is symmetric and not a singleton, then an element of the form 
A = Q*7/(a) satisfies p{X) = —1, ^(Q^^A) = 1 if and only if t = m. It follows 
that Xo{sB/p{Q)) = Xo(Q™77(a)(-l)) = -1. □ 

It remains to evaluate Xo{fp,x,a{w)). This is where the x-data X for the action 
of F on R{S, G), chosen according to Section l42l enters. Let and F± be the 
fixed fields in K of the groups F,,(a) and ^±'q(a) respectively. 
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Lemma 6.2.3. If (Q) ■ a is either asymmetric or symmetric and not a singleton, then 

rp,x,a{w) = 1- 

Proof. Let Xa ■ — !■ be the character associated to 77(a) in Section l42l If 
(Q) ■ a is asymmetric, this character is trivial and the statement follows imme- 
diately. In the second case, this is the unique non-trivial unramified quadratic 
character of . We enlarge the field K if necessary to ensure it contains the 
unramified quadratic extension of F+, which we call F2. Then Xa kills the norm 
subgroup N{F2 ), and under the Artin reciprocity map Wp^ F]^ it provides 
a character on Wp^ that factors through the quotient Tp^^p^. We now use the 
formula for rp^x,a from IILS87I §2.5]. In our situation all computation can be 
performed in Tk/f instead of Wk/f- We have for a e Tk/f 

m — 1 

t=0 keZ/nZ 

where Wfc.t(cr) is the unique element of Tp^/p of the form 

Q-^s-'^as^Q", I e Z/?iZ, < s < m 

and for t £ ^f±/f the element vo{t) is the unique one inTp^/p of the form 

T(s°Q")^ 0<e<l. 

It is enough to compute rp^x,a{o') for a ^ s and a = Q. We claim that in 
both these cases the value Xa{vo{uk,t[cF))) is independent of k. In the first case 
one has uu^s) £ If±/f, hence wo(ufc,t(s)) = Ufc,t(s) e If+/f = If±/f, which 
belongs to the kernel of Xa- In the second case one has 

UkAQ) = 1 , i > ^ f woK,i(Q)) = 1 ,t>o 

UkfliQ) = s'^Q"' ,t = ^ \«oK,o(Q)) = ,^ = 

This shows that indeed the value Xa{vo{uk.t{<^))) for a ^ s,Q is independent 
of k. Then we obtain 

rn— 1 
t=Q 

Since r]{a) belongs to the coroot lattice of S and s e n{S) is an elliptic element, 
we conclude that rp^x.a{o') = 1- CH 

Lemma 6.2.4. If (Q) • a is the unique symmetric singleton orbit, then for all w G We 
we have 

XQ{rp,x.a{w)) = Xa(Art(w)), 
where Xa is the character on F^ ~ associated to the root ri{a) in Section \42\ 

Proof. We are in the situation 2|n and a = n/2, thus 77(a) = (0, n/2). The only 
factor in the product defining Vp^x.a {w) which pairs non-trivially with xo is the 
factor Xa(wo(uo(w)))'''"^ and we have 

Since We = Wp+,we have vo{uo{w)) = w. □ 
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We are now ready to state the final formula for the character xs ■ of E^' . 
Let ve be the valuation on i?^ which sends uniformizers to 1. We will write 
sgn((7, Z/nZ) for the sign of the permutation which multiplication by q induces 
on the set Z/71Z. If 2|n, then r]{n/2) is a representative for the imique inertially 
symmetric orbit of F in R{S, G). In that case we have = E. Let Xri(n/2) be 
the character of E^ constructed in Section l4l2l corresponding to the root rj{n/2). 

Proposition 6.2.5. For e <E E^ we have 

£-ife) = [sgn('?,Z/nZ)'^-(-) ,if2\n 
^''^ \sgn(<7,Z/nZ)'^-(-) •x,(„/2)(e)-i , /^2|n ' 



Proof. According to Equations 1 16.2. 3b , (|6.2.5|l , Il6.2.6b , we have 

Xs ■ C"^(Art(u;)) = J| Xo{sb/pm{'^w) ■ rp^x^M)"^- 

We write S as the disjoint union 

according to whether an element a e S represents a asymmetric, a symmetric 
and non-singleton, or a symmetric and singleton orbit. This is equivalent to 
77(a) representing an asymmetric, symmetric but inertially asymmetric, or an 
inertially symmetric orbit of F in R{S, G). Note that Sgs is empty when 2 | n 
and contains exactly one element of 2\n. 

Then according to Lemmas l6.2.3l and l6.2.4l we have 

Since sgii((j, 'L/n'L) is equal to the parity of the number of symmetric orbits of 
even size in Z/nZ, which is equal to the number of symmetric orbits of even 
size in Ti/nl^, we see that the first product is equal to sgn(q, 'L/n'LY'^^^\ 

□ 



6.3 A comparison with the rectifying character 

The purpose of this section is to prove the following: 
Theorem 6.3.1. 

XS = C ■ /^?- 

Proof. If 2 I n, then the theorem follows at once from Proposition |6]23] above. 
Theorem 2.1(1) of |BH05b|, and the well known observation of Zolotarev that 
sgn((7, Z/nZ) is equal to the Jacobi symbol {q/n) if n is odd. 



For the remainder of the proof, we assume 2\n. Recall that we have the ad- 



missible pair (E/F,^) with the property that the 11/> -representation Ind{^^^ is 
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isomorphic to the one given by the epipelagic parameter ip : Wp — > G. In par- 
ticular, E/F is totally tamely ramified. Working through section 1 of IBHOSbl 
we gather the following data: 

l = l^Eo = E,Ei= F,do = [E : F]^n,di:^ 1,5(0 = {1}:*^ = i+^l,d+ ^ 1. 

Let : s-C^ be a character trivial on but non-trivial on Op . For every 
field extension K/F we set ipK — i^p o Tr^/^- Then, for each tower L/K/F we 
have the Langlands constant 



A 



e(Ind}:Mi,i,VK) 



L/K - f-i 1 I \ 



Since ^ I [/2 = 1, we can choose an element a £ E^ with valuation val^ (a) = — 1 
and the property that 

CIc/i (a;) = i^Eiaix ~ 1)). 

Given any uniformizing element lu E E^ we put 

({uj, ^) = wa e kp- 

Since a is well defined up to multiplication by U]^, this element does not de- 
pend on the choice of a. Theorem 2.1(2) of IBH OSbJ then asserts that 



m'^) = ( — — j ■>^E/F- 



Note that both factors depend on the arbitrary character ^pp, but their product 
is independent of V'f- 

We want to show that this formula agrees with the formula for xs • ^ given 
in Proposition |6.2.5l 

Lemma 6.3.2. Let E2 be the subfield of K fixed by the subgroup {1, s^} x (Q) of 

>^E/F = sgn(g,Z/nZ) ■ Xp/p^- 



Tx/p- Then 



Proof. The extension E/E2 is quadratic and ramified, and we have (see e.g. 
IBHOSbl §1.S]) 

Xp/F = Xp/p^ ■ x\^ip. 

If [E2 : F] is odd, then X^^^p is trivial. If [E2 ■ F] is even, then T^/p contains 

the normal subgroup {I, , , s^}. We claim that this group preserves E2. 
Indeed, E2 is the subfield of K fixed by both Q and s~ and one sees right away 
that if an element e has this property, then so does s~e. Let i?4 be the subfield 
of E2 fixed by sT . Then we have 



'^E2/F — ^E^lEi 



All in all, we obtain 



Ab/f = ( — ) • Af/f2 



9 

The lemma now follows from IDHOSi Thm. 1]. □ 
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We conclude that 



fj,^{uj) = sgn((7,Z/nZ) • \^ — — j • \e/E2 

and focus on the product of the second and third factors. Recall that these 
factors depend on the arbitrary character tjjp, with ({w, £,) involving ipE = tpF° 
TrE/Ff arid Xe/E2 involving furthermore ^pE2 — i^F ° T^i^'E2/f- All of these 
characters enter into the above objects through their reduction to fc^; = fc^j = 
fci?, and for these reductions we have 

TL 

iPe{x) = ipFinx), 'ipE2{x) = i'Fi-^x), x€kF. 

We choose V'f so that its reduction satisfies ^F{nx) — ^{ujx + 1) for all x G kp- 
Then by construction we have ({tjJ^O = 1- The following lemma completes the 
proof of the theorem: 

Lemma 6.3.3. With the above choice ofipF, we have 

^E/E2 ~ Xil{n/2}{^)~^ ■ 



Proof. According to the construction of Section 1421 we have Xi)(n/2)('^)^ = 
•^B/Ba where £,a,uj is the character on fc^a = obtained as the composi- 

tion 

: kF^ _^:^!fflL^ uyul cx , 

where : C/jj — )• C ^ is dual to the homomorphism 

pC ^w—^f — , 

and a = 77(71/2). Our goal is to show that the characters ^q.^j andx t-^ (^{uj2^^x+ 
1) of kE2 are translates under k^^ . 

We claim that : [/^ ^ C ^ is the restriction of the character on £" ^ given by 

X I— >■ ^(a; ■ x^"^) 

where t is the non-trivial element of ^e/E2- Indeed, the homomorphisms (p 
and (p^ have the same restriction to P, so £,a is the restriction to Ue of the char- 
acter of given by the composition 

i^ab J^l^ f ^ ^ 

while, according to the Shapiro isomorphism, ^ is the character of given by 
the composition 

The claim follows from the fact that a = xa ^ si ■ xo, and restricts to E as 
the non-trivial automorphism preserving E2 ■ 

The claim implies £,a,uj{x) = ^(w2x + 1), and the proof is complete. □ 



□ 
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6.4 Epipelagic representations for GL 



Consider an embedding j : S G and a character x ■ S{F) — > subject to 
Conditions 12.3. II The following facts are easily checked. 

Fact 6.4.1. We have S{F) ^ for a totally ramified extension E/F of degree n. 
Moreover, x '■ is generic in the sense ofKutzko I^y86\ Def. 2.2.3]. 

Fact 6.4.2. The representation obtained from {jS,jxs) coincides with the representa- 
tion obtained from the admissible pair {E^ , x) in hBH05a\ §2.37. 

Lemma 6.4.3. The toral invariant fjs.c is trivial. 



Proof. We replacing j by a G(F)-conjugate embedding we can find g E G such 
that g^^'^g is a permutation matrix for any cr G F. One then computes immedi- 
ately that with respect to the standard splitting of GLn, the element fjs%iXa) 
is trivial. □ 
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